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1

Stochastic differential equations

1.1 Stochastic integral equations

We will define the notion of stochastic differential equations first.

We want to construct stochastic processes where the velocities are
given as functions of time and position, and that have in addition a
stochastic component. We will consider the case where the stochastic
component comes from a Brownian motion, B;. Such an equation should

look like
dXt = b(t,Xt)dt+U(t,Xt)dBt, (11)

with prescribed initial conditions Xy = zg. The interpretation of such
an equation is not totally straightforward, due to the term o (t, X;)dBs.
We will interpret such an equation as the integral equation

X = o +/O b(s,X(s))ds+/O o(s, X (s))dBs, (1.2)

where the integral with respect to B is understood as the It6 stochastic
integral defined in the last chapter. The functions b, o are in the most
general setting assumed to be locally bounded and measurable.

The questions one is of course interested are those of existence and
uniqueness of solutions to such equations, as well as that of properties
of solutions. We begin by discussing the notions of strong and weak
solutions.

1.2 Strong and weak solutions

We will denote by W the Polish space C(R,R™) of continuous paths
and we denote by H the corresponding Borel-o-algebra, and by H; =
o{xs,s < t} the filtration generated by the paths up to time ¢.
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The formal set-up for a stochastic differential equation involves an ini-
tial conditions and a Brownian motion, all of which require a probability
space. We will denote this by

(Q,F, P {F:}.€ B), (1.3)
where

(i) (Q,F,P,{F:}) is a filtered space satisfying the usual conditions;
(ii) B is a Brownian motion (on R%), adapted to J;,
(iii) € is a Fo-measurable random variable.

The minimal or canonical set-up has Q =R" x W, P = pu x Q, where p
is the law of € and Q is Wiener measure and JF; the usual augmentation
of F{ = o{¢, Bs, s < t}.

The precise definition of path-wise uniqueness of a SDE is as follows:

Definition 1.2.1 For a SDE, path-wise uniqueness holds, if the follow-
ing holds: For any set-up (Q, F, P, {F:},&, B), and any two continuous
semi-martingales X and X', such that

/O (1b(s, X)| + [0(s, X.)P)ds < o0 (1.4)

solving the SDE with this initial condition £ and this Brownian motion
B

)

P[X, = X/, V] =1. (1.5)

If a SDE admits for any setup (2, F, P, {F:}, &, B) exactly one continu-
ous semi-martingale as solution, we say that the SDE is ezact.

The notion of strong solutions is naturally associated with the setting
of exact SDE’s.

Definition 1.2.2 A strong solution of a SDE is a function,
F:R"xW =W, (1.6)

such that
F~Y(H,;) € B(R™) x Hy, ¥t >0, (1.7)
and on any set-up (2, F,P, {F;},, B), the process
X = F(&,B)

solves the SDE. H, is the augmentation of H; with respect to the Wiener
measure.



1.2 Strong and weak solutions 3

Existence and uniqueness results in the strong sense can be proven in
a very similar way as in the case of ordinary differential equations, using
Gronwall’s inequality and the Picard iteration scheme.

The general approach is to assume local Lipshitz conditions, to prove
existence of solutions for finite times, and then glue solutions together
until a possible explosion.

Let us give the basic uniqueness and existence results, essentially due
to Ito.

Theorem 1.2.1 Assume that o and b are bounded measurable, and that
i addition there exists an open set U C R, and T > 0, such that there
exists K < oo, s.t.

lo(t, ) —a(t,y)| + [b(t, x) = (¢, y)| < Kl -yl (1.8)

forallxz,y e Uyt <T. Let X,Y be two solutions of (1.2) (with the same
Brownian motion B), and set

T=inf{t >0: X, gUorY; U}. (1.9)
Then, if E[Xo — Yp]? = 0, it follows that
PIX(EAT) =Y (AT VO<t<T]=1. (1.10)

Proof. The proof is based on Gronwall’s lemma and very much like the
deterministic analog. We compute

E [Org% (X(sAT) —Y(s/\T))2] (1.11)
< 2E | max (/OSAT(U(U, X (u)) — o(u, Y(u)))dBu>2

+2E
0<s<t

e ([ b X0 — b0, ¥ () ]
<se [ [ otux0) - ot v )]
s [ 7 b X ) — bl Y ()P
<2+ a8 | [ " ) — Y (w)? i

< 2K2%(4+1t) /OtE[maX (X (uAT) —Y(u/\T))2ds] .

0<u<s

Note that in the first inequality we used that (a+b)? < 2a?+ 2b%, in the
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second we used the Schwartz inequality for the drift term and Doob’s

L2-maximum inequality for the diffusion term; the next inequality uses

the Lipshitz condition and in the last we used Fubini’s theorem.
Gronwall’s inequality then implies that

2 —
E Jnax (X(tAT)=Y(@tAT)"| =0.
This is most easily proven as follows: Let f be a non-negative function
that satisfies the integral equation f(t) < Kfot f(s)ds. Set F(t) =
fotf(s)ds. Then

0< (e K R() < e (KF() + 7(1) <0,

and hence e "8 F'(t) < 0, meaning that F(t) < 0. But since F is the
integral of the non-negative function f, this means that f(¢) = 0.

Thus we have in particular that Plmaxo<;<7 |X; — Yi| = 0] = 1 as
claimed. O

Finally, existence of solutions (for finite times) can be proven by the
usual Picard iteration scheme under Lipschitz and growth conditions.

Theorem 1.2.2 Let b,o satisfy the Lipshitz conditions (1.8) and as-
sume that

Ib(t,2)|* + |o(t, 2)|> < K2(1+ |z]?). (1.12)

Let € be a random vector with finite second moment, independent of By,
and let Fy be the usual augmentation, Fi, of the filtration associated with
B and &. Then there exists a continuous, Fi-adapted process X which
is a strong solution of the SDE with initial condition £&. Moreover, X
is square integrable, i.e. for any T > 0, there exists C(T, K), such that,
forallt < T,

E|X,|? < C(K,T)(1 + E|¢|?)eCED)E, (1.13)

Proof. We define a map, F, from the space of continuous adapted
processed X, uniformly square integrable on [0, T, to itself, via

F(X),=&+ /Otb(s,Xs)ds + /Ota(s,Xs)st. (1.14)

Note that the square integrability of F'(X) needs the growth conditions
(1.12)

Exercise: Prove this!

Asin (1.11)
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E ( sup (F(X); — F(Y)t))Q (1.15)

0<t<T

§2E<&ggr(47ﬂxg(wn»dBQ2>
+2E <0§135T (/Ot(b(Xs) - b(Ys))dS)2>

T
§2K2(1+T)/ E sup (X, —Y,)dt
0

0<s<t

and hence

E(wpﬁﬂxnﬂumﬁzsCZ%E(mm@anQ%

0<t<T 0<t<T
(1.16)
Thus, for n sufficiently large, F'™ is a contraction, and hence has a unique
fixed point which solves the SDE. O

Remark 1.2.1 The conditions for existence above are not necessary.
In particular, growth conditions are important only when the solutions
can actually reach the regions there the coefficients become too big.
Formulations of weaker hypothesis for existence and uniqueness can be
found for instance in [9], Chapter 14. Their verification in concrete cases
can of course be rather tricky.

We will now consider a weaker form of solutions, in which the solution
is not constructed from the BM, but the BM comes from the solution.
This is like in the martingale problem formulation, and we will soon see
the equivalence of the two concepts.

Definition 1.2.3 A stochastic integral equation
t

t
Xt:XO—i—/ a(s,Xs)st—i—/ b(s, X,)ds (1.17)
0 0

has a weak solution with initial distribution pu, if there exists a filtered
space (Q, F,P,{F;}), satisfying the usual conditions, and continuous
martingales X and B, such that

(i) B is an F-Brownian motion;

(il) Xo has law p;
(i) [ (|o(s, Xs)[? + [b(s, Xs)|)ds < 00, aus., for all ¢;
(iv) (1.17) holds.
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Definition 1.2.4 A solution of (1.17) is unique in law (or weakly unique,
if whenever X; and X, are two solutions such that the laws of X, and
X{, are the same, then the laws of X and X’ coincide.

Example. The following simple example illustrates the difference be-
tween strong and weak solutions. Consider the equation

t
X, = X0+/ sign (X)dBs. (1.18)
0

Here we define sign(x) = —1, if 2 < 0, and sign (x) = +1, if z > 0.
Obviously, [X]: = fg dt = t,, so for any solution, Xy, that is a continuous
local martingale, Lévy’s theorem implies that X; is a Brownian motion,
if it exists. In particular, we have weak uniqueness of the solution.
Moreover, we can easily construct a solution: Let X; be a Brownian
motion and set

t
Btz/ sign (X)dX. (1.19)
0

Then dB;s = sign (Xs)dXs, and hence

t t t
/ sign (X,)dBg = / sign (X, )2dX, = / dX, = X, — Xo,
0 0 0

so the pair (X, B) yields a weak solution! Note that the Brownian
motion is constructed from X, not the other way around! On the other
hand, there is no path-wise uniqueness: Let, say, Xy = 0. Then, if
X; is a solution, so is —X;. Of course being Brownian motions, they
have the same law. Note that the corresponding B; in the construction
above would be the same. Moreover, the Brownian motion of (1.19)
is measurable with respect to the filtration generated by |X;| which
is smaller than that of X;; thus, X; is not adapted to the filtration
generated by the Brownian motion. Hence we see that there is indeed
not necessarily a solution of this SDE for any B, and so this SDE does
not have a strong solution.

Remark 1.2.2 The example (and in particular the last remark) is hid-
ing an interesting fact and concept, that of local time. This is the content
of the following theorem due to Tanaka:

Theorem 1.2.3 Let X be a continuous semi-martingale. Then there
exists a continuous increasing adapted process, {ls,t > 0}, called the
local time of X at 0, such that

t
IXtI—IXo|=/ sign (Xs)dX, + 4. (1.20)
0
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by grows only when X is zero, i.e.
t
/ 1x,z0dls = 0. (1.21)
0

The proof of this result is not very hard and proceeds by approximat-
ing the function |x| by smooth functions, f,, and passing to the limit
carefully.

Note that this theorem implies that in the example above, B; =
| X¢| — £+, and since ¢; depends only on | X|, the measurability properties
claimed above hold.

The connection between weak and strong solutions is clarified in the
following theorem due to Yamada and Watanabe. It essentially says
that weak existence and path-wise uniqueness imply the existence of a
strong solution, and in turn weak uniqueness.

Theorem 1.2.4 An SDE is exact if and only if

(i) there exists a weak solution, and

(ii) solutions are path-wise unique.
Then uniqueness in law also holds.

The proof of this theorem may be found in [12]

1.3 Weak solutions and the martingale problem

We will now show a deep and important connection between weak solu-
tions of SDEs and the martingale problem.

The remarkable thing is that these issues can be cooked down again
to the study of martingale problems. We do the computations for
the one-dimensional case, but clearly everything goes through in the
d-dimensional case exactly in the same way.

Let us first observe that, using It6’s formula, given that the equation
(1.2) has a solution, then it is a solution of a martingale problem.

Lemma 1.3.5 Assume that X solves (1.2). Define the operator G on
the space of C*°-functions f : R — R, as
1 d? d
Gy = =0 (t,x)— +b(t,x)E.

1.22
2 dx? ( )
Then X is a solution of the martingale problem for G.
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Proof.  For later use we will derive a more general result. Let f :
Ry xR — R. We use It6’s formula to express

t t
f(t,Xt)—f(O,XO):/O asf(s,xs)ds+/0 00 f (5, X)X, (1.23)

1 t

Now

dXs =b(s,Xs)ds + o(s, Xs)dBs.
We set

M(t) = X; — /Ot b(s, Xs)ds

and note that this is by (??) equal to fot o(s, Xs)dBs, and hence a mar-
tingale. Moreover,

[M], = /Oto(s,Xs)Qd[B]s = /Oto(s,Xs)2ds.

Hence
t
F(6,X0) — £(0,X0) = /0 Do f (5, X)b(s, X.)ds
t 1 t )
+ [CoustsxXas+ 5 [ ote X092 X0

t
+ / Do (5, X,)dM,,
0

or

f(taXt)_f(OaXO)_/O [asf(saXs+(Gf)(S’Xs)]ds = _/0 amf(SaXs)dMSa

(1.24)
where the right-hand side is a martingale, which means that X solves
the martingale problem, as desired. O

This observation becomes really useful through the converse result.

Theorem 1.3.6 Assume that b and o are locally bounded as above and
assume that in addition o~ is locally bounded. Let Gy be given by (1.22).
Assume that X is a continuous solution to the martingale problem for
(G, 6g,), then there exists a Brownian motion, B, such that (X, B) is a
solution to the stochastic integral equation (1.2).
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Proof. We know that for every f € C*(R),
t
FOX) = 1X0) = [ (Gut)(s, X.)ds (1.25)
0
is a continuous martingale. Choosing f(x) = x, it follows that

t
X — Xo — / b(s, X.)ds = M, (1.26)
0

is a continuous martingale. Essentially we want to show that this mar-
tingale is precisely the stochastic integral term in (1.2). To do this, we
need to compute the bracket of M. To do this, we consider naturally
(1.1) with f(x) = 2% To simplify the notation, let us assume without
loss of generality that Xy = 0. This gives

o~

t t
XZ2 - 2/ Xb(s, Xs)ds — / o?(s,Xs)ds = M(t), (1.27)
0 0

where M is a martingale. Thus
2

M(t)* = X? - 2X, /Ot b(s, Xs)ds + </Ot b(s, Xs)ds) (1.28)

¢ t
:2/ Xsb(s,Xs)ds+/ o?(s, Xs)ds + M(t)
0 0

— 2X, /Otb(s,XS)ds + </Ot b(s,XS)ds>

2/0t X,b(s, Xo)ds — 2X, /Otb(s,Xs)ds—i— (/Ot b(s,Xs)ds)2 (1.29)

is also a martingale. By partial integration,

t t t s
/ Xsb(s, Xg)ds = Xt/ b(s, Xs)ds — / / b(u, X)) dudX.
0 0 o Jo

Thus (1.29) equals
t s
72/ / b(u, X, )dudM (s)
0o Jo

z/ot /Osb(u,Xu)dub(s,Xs)der </01t b(s,XS)ds>
— 9 /O t /0 b, X)) dudM(s),

which is a martingale. Hence

2

I claim that

2
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M(t)Q—/O o2(s, X,)ds (1.30)

is a martingale, so that by definition of the quadratic variation process,

/Ot o?(s, Xs)ds = [M];.

Now set

Then

[B]: = /0 md[]\ﬂs =1,

so by Lévy’s theorem ?7?, B(t) is Brownian motion, and it follows that
X solves (1.2) with this particular realization of Brownian motion. [

We can summarize these findings in the following theorem.

Theorem 1.3.7 Let PY be a solution of the martingale problem associ-
ated to the operator G defined in (1.22) starting in y. Then there exists
a weak solution of the SDE (1.2) with law PY. Conversely, if there is
a weak solution of (1.2), then there exists a solution of the martingale
problem for (1.22). Uniqueness in law holds if and only if the associated
martingale problem has a unique solution.

In other words, solutions of our stochastic integral equation are Markov
processes with generator given by the closure of the second order (ellip-
tic) differential operator G given by (1.22). To study their existence and
uniqueness, we can use the tools we developed in the theory of Markov
processes. Note that we state the theorem without the boundedness as-
sumption on ¢! from Theorem 1.3.6, which in fact can be avoided with
some extra work.

As a consequence, we sketch two existence and uniqueness results for
weak solutions.

Theorem 1.3.8 Consider the SDE with time-independent coefficients,
dXt = b(Xt) + O’(Xt)dBt, (131)

in R where the coefficients b; and 045 are bounded and continuous. Then
for any measure p such that

[ almute) < <. (132
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for some m > 1, there exists a weak solution to (1.31) with initial mea-
sure fi.

Proof. We only have to prove that the martingale problem with gener-
ator

:Zbi(y)a Zazk Y)ok; (y)0:0; f (y),

for f € C2(R?%) has a solution. To do this, we construct an explicit
solution for a sequence of operators G(™) that converge to G and deduce
from this the existence of the solution of the martingale problem for G.

To do this, let tg-") = 727" and set ¢, (t) = t;")ﬂte[t§n>7t;1>l)- Then set

b (t,y) = b(y(on(t), o™ (ty) = oly(en(t)).
Then define the processes Xt(") by

xM=c¢ (1.33)
X = X[ 40X~ ) + o (X (B = Byt € (17,4721,
J J J

We will denote the laws of the processes X ™) by P(™) . One easily verifies
that the processes X (") solves the integral equation

t
xMm = §+/ b (s, X<">)ds+/ o™ (s, X")dB,. (1.34)
0 0
But then X (™) solves the martingale problem for the (time dependent)
operator
(@M Ny me L)y D 0% (6ol (4,9)0:05 F o))

1,5,k
(1.35)
The first thing to show is that this family of probability measures is
tight. For this one uses the criterion given by Theorem ??. The basic
ingredient is the following bound that is proven in a manner very similar

to the bound (1.13):

2m
E HX§”> X0 < ot — 5™ (1.36)

for 0 <t,s < T, with C}, uniform in n, and depends only on the bound
on the coefficients. Moreover,

E|l XS |2 < O, < 00 (1.37)

by assumption. The proof of (1.37) needs an otherwise very useful
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inequality that we take the opportunity to state here, the so-called
Burkholder-Davis-Gundy inequality

Lemma 1.3.9 Let M be a continuous local martingale. Then, for every
m > 0, there exist universal constants kn,, K,, depending only on m,
such that, for any stopping time T,

2m
B <E( sup DLI) < KnEIMIF. (1.33)

0<s<T

Proof. The key to the construction are moment inequalities for martin-
gales combined with Doob’s maximum inequality. One starts with the
following observation: Define, for 6 > 0,¢ >0

t
Yt55+6[M]t+Mf:5+(1+e)[M]t+2/ Myd M. (1.39)
0
Using Itd’s formula then gives that

t t
Y=o mle) [ Yl 2im(m - 1) [ YRR,
0 0

t
+2m/ Y Md M. (1.40)
0

The last integral is a uniformly integrable martingale so its mean van-
ishes (even if ¢ is replaced by a stopping time. Hence

T T
RY;" = 52+m(1+e)E/ Ysm_ld[M]s—i—Qm(m—l)E/ Y2 M2d[M]s.
0 0

(1.41)
In particular, seting e = 0 and letting ¢ | 0, this gives
T
E| M7 [*™ = 2m(m — 1/2)E/ | M, 2=V d[M],. (1.42)
0
Let us now only consider the case when m > 1. Letting 6 | 0, (1.41)
gives
m T m—1
B (cM)r+ M3)" 2 m(1+ 98 [ (elb]. + )" dl),
0
T
> ml1+ 0 e [ o)
0
The elementary inequality,
(a4 b)™ < 2™ Ha™ + ™), (1.44)

for any a,b > 0, applied to the left-hand side of (1.43) then yields the
lower bound
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EM7™ > [e™7 12 "™ (1 +€) — ™) E[M] 7, (1.45)
Chosing e.g. € = 27™*! gives
EMZ™ > 2~ HIE[ M) (1.46)

To get an upper bound, we deduce from (1.41) the alternative bound

T
2" (eME[M)E + MF™) > m(l + e)e”Hﬂ«:/ | M|*"=2d[ M.

0
(1.47)
Solving this for E|Mr|?™ gives
-1
EMZ™ < ¢ <ﬁ —-1) E[M]p, (1.48)
and with the choice e = 2™~ 1(2m — 1),
EMZ™ < 20m=1% (2 — 1) E[M]7, (1.49)

Replacing Mt by sup,<r can be done using Doob’s max-inequalities and
modifying the constants in the upper bound. This proves the lemma for
m > 1. The arguments for the other cases are of similar nature and will

be skipped. [l
It is now clear how to obtain (1.36):
om t 2m
E HX§”> — x| < E’ / b (u, X)) du (1.50)
’ t 2m
HE‘ / on(u, X()dB, (1.51)
2m
< (t—s)*E sup bn(u,Xgm)H (1.52)

wE(s,t]
t 2 m
+E (/ an(u,XfA"))H du) (1.53)

<Cm)(t—s)™ (1.54)

Then Prohorov’s theorem implies that the sequence is conditionally
compact, so that we can at least extract a convergent subsequence.
Hence we may assume that P converges weakly to some probabil-
ity measure P*. We want to show that the process whose law is P*
solves the martingale problem for the operator G.

For f € CZ(R?), one checks that G f(y) — Gf(y) uniformly for
y in compact subsets of Wiener space (recall the Arzela-Ascoli theorem
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that states that conditionally compact subsets of this space are charcter-
ized by boundedness and continuity modules; clearly if y is continuous,
f € C?, since o and b are continous functions, (ng)f)(y) converges to
Gf(yt)), and from this one can use arguments like in the proof of Lemma

(22). O

Remark 1.3.1 Note that we cheat a little here. Namely, the opera-
tors G™ and the form of the approximating integral equations are more
general than what we have previously assumed in that the coefficients
b (t,y) and o™ (t,y) depend on the past of the function y and not
only on the value of y at time t. There is, however, no serious difficulty
in generalising the entire theory to that case. The only crucial property
that needs to be maintained is that the coefficients remain progressive
processes with respect to the filtration F;.

Remark 1.3.2 The preceeding theorem can be extended rather easily
to the case when b and o are time-dependent, and even to the case when
they are bounded, continuous progressive functionals.

A uniqueness result is interestingly tied to a Cauchy problem.

Lemma 1.3.10 If for every f € CZ(R?) the Cauchy problem
ou(t, )

ot
u(0,z) = f(z), ze€R?

= (Gu)(t,z), (t,z) € (0,00) x R? (1.55)

has a solution in C([0,00) x R¥) NC12)((0,00) x RY) that is bounded in
any strip [0,T] x RY, then any two solutions of the martingale problem
for G with the same initial distribution have the same finite dimensional
distributions.

Proof. Given the solution u let g(t,2) = w(T — t,x). Then g solves, for
0<t<T,
g(t, x)
ot

+(Gsg)(t,2) =0, (t,x) € (0,00) x RY (1.56)
g(T,z) = f(z), zeR?
Then it follows from (1.24) that g(¢, X;) is a local martingale for any
solution of the martingale problem. Hence
Eef(X1) = Eog(T, X1) = Esg(0, Xo) = 9(0, 2), (1.57)

is the same for any solution. This implies uniqueness of the one-dimensional
distributions. O
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Now Theorem ?? implies immediately the following corollary:

Corollary 1.3.11 Under the assumptions of the preceeding lemma, weak
uniqueness holds for the SDE corresponding to the generator G.

1.4 Weak solutions from Girsanov’s theorem
Girsanov’s theorem 7?7 provides a very efficient and explicite way of
constructing weak solutions of certain SDE’s.

Theorem 1.4.12 Consider the stochastic differential equation
dX: =0b(t, X)) +dB:, 0<t<T, (1.58)
for fized T. Assume that b : [0,T] x R? is measurable and satisfies, for
some K < o0,
[b(t, 2) || < K (L + [|]). (1.59)

Then for any probability measure . on R there exists a weak solution
of (1.58) with initial law p.

Proof. Let X be a family of Brownian motions starting in € R under
laws P,. Then

t 1t
Zy = exp (/ b(s, Xs)-dXs — 5/ |b(s,XS)||2ds) (1.60)
0 0

is a martingale under P,. Thus Girsanov’s theorem says that under the

measure QQ, such that z%z = Zr, the process

t
W= Xy — Xo — / b(s, Xs)ds (1.61)
0

for 0 <t < T is a Brownian motion starting in 0. Thus we have a pair
(X, W) such that

t
X; = Xo+ / b(s, Xs)ds + Wy, (1.62)
0

holds for 0 < ¢t < T, and W, is a Brownian motion, under Q.. This
shows that we have a weak solution of (1.58). O

A complementary result also provided criteria for uniqueness in law.

Theorem 1.4.13 Assume that we have weak solutions (X(i), W(i)), 1=
1,2, on filtered spaces (Q@, F@) PO .7-}(1)), of the SDE (1.4.12) with the
same initial distribution. If
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T .
p® V bt X 2dt < oo] =1, (1.63)
0

fori=1,2, then (XMW, W) and (X@ W) have the same distribu-
tion under their respective probability measures P() .

Proof. Define stopping times
7 =T Ainf {0 <t<T: /0 b, X 2dt = k} . (1.64)

We define the martingales

) t/\r,ii) ) ) 1 t/\r,ii) )
&P =exp |~ / b(s, X)W — 2 / ||b(s,xg>)||2ds> ,
0 0

' (1.65)
and the corresponding transformed measures ]P’,(;). Then by Girsanov’s

theorem,
@ W [
i = xU (4) @

Xt/\'r,ii) =X, Jr/o b(s, X )ds + Wt/\'r,ii) (1.66)
is a Brownian motion with unital distribution u, stopped at T]gi). In
particular, these processes have the same law for i = 1,2. Now the w@
and the stopping times T,El) can be expressed in terms of these processes,

and probabilities of events of the form
(D wih, L xPw)er o =t,},

for any collections t; < to < --- < t,, thus have the same probabﬂit_ies.
Passing to the limit k 1 oo using that due to our assumption, P(*) [T,EZ) =
T] — 1 we get uniqueness in law for the entire time interval [0,7]. [

1.5 Large deviations

In this section we will give a short glimpse in what is know as the theory
of large deviations large deviations in the context of simple diffusions.
I will emphasize the use of Girsanov’s theorem and skid over numerous
other interesting issues. There are many nice books on large deviation
theory, in particular [3, 4, 6].

We begin with a discussion of Schilder’s theorem for Brownian motion.

A we know very well, a Brownian motion By starting at the origin will,
at time t, typically be found at a distance not greater than v/t from the
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origin, in particular, B/t converges to zero a.s. We will be interested
in computing the probabilities that the BM follows an exceptional path
that lives on the sale t. To formalize this idea, we fix a time scale T
(which we might also call 1/¢), and a smooth path 7 : [0,1] — R%. We
want to estimate

P| sup [T Bur —1(s)]| <. (1.67)
0<s<1

It will be convenient to adopt the notation || f|le = supg<s<q [|f(s)]]-
We will first prove a lower bound on the probabilities of the form (1.67).

Lemma 1.5.14 Let B be Brownian motion, set BT = T~'Br, and let
v be a smooth path in R® starting in the origin. Then
lim lim T InP [| BT — y|lec < €| > —1(7) = —= d
i Jim T [ 57— 5]l < s [ s
(1.68)

Proof. For notational simplicity we consider the case d = 1 only. Note

that BT = T~'B,r has the same distribution as T-'/2B,. Thus we
must estimate the probabilities

P [sup | B; — VT~(t)|| < \/Te] . (1.69)
t<1
To do this, we observe that by Girsanov’s theorem, the process
— VT (t) (1.70)

is a Brownian motion under the measure QQ defined through

d
d(% = exp (\/ / s)dBs — —/ 1% (s |2ds>. (1.71)
Hence

P[IB ~ VT < VT¢] (1.72)
—P [||§||Oo < \FTe}

_ Vfi s dB s ds
_EQ{ TJ3 4B @ ey o <ﬁ€}

= Ey [e—ﬁfo OB g I ﬁ}

— e~z I 11IP()dsqy [||§||oo < \/fe} Eqg [e—ﬁfolﬁ(s‘)di

1Bl < ﬁ]

— o~ F ) Pdsp [llBHoo < ﬁe} Ep [e‘ﬁfol ¥(s)dBs

1Bl < VT
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Now we may use Jensen’s inequality to get that

Ep [e“/ffo1 ¥(s)dBs

I1B]los < ﬁe] (1.73)

> exp (ﬁE [ / i(e)aB. 1B < \FTD —1

On the other hand, it is easy to see, using e.g. the maximum inequality,
that, for any € > 0,

Jim P [HBHOO < \/fe} =1 (1.74)

Hence,
liminf 7~ 1P [|B ~ VT < VTe] > = /Ot i(s)l%ds,  (1.75)
which is the desired lower bound. U

To prove a corresponding upper bound, we proceed as follows. Fix
n € N and set ty, = k/n, k=0,...n. Set & = T/n. Let L be the linear
interpolation of BI such that for all tx, B}, = L¢,. Then

PIBT ~L|s >3] <SP [ max ||BT — Ly|| > 5}
k=1

tr—1<t<ty

< nP | max ||Bf — Li|| > 5]
|0<t<a

[ t
=nP | max ||B; — —Ba| > 5\/T]
e

|0<t<a

t
< nP | max ||B; — —B,| > 6\/T]
a

- [0<t<a

< nP | max || B > 5\/?/2} ,
[0<t<a

where we used that maxo<i<q || Bi—% Ba| > @ implies that maxo<i<q || Be|| >
x/2. The last probability can be estimated using the following exponen-
tial inequality (for one-dimensional Brownian motion)
2
zt
P[ sup |Bs| > xt] < 2exp <—) (1.76)
0<s<t 2
which is obtained easily using that Z; = exp (oth — %oﬂt) is a martin-
gale and applying Doob’s submartingale inequality (see the proof of the

Law of the iterated logarithm in [1]).
This gives us
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P | max | By > 5@/2} < dP {max |By| > 6VT/2Vd| (1.77)
0<t<a 0<t<a

< = 2de” 52;;T
and so
2,2
P [|| BT = L|oo > 8] < n2e” 37 (1.78)

which can be made as small as desired by choosing n large enough.

The simplest way to proceed now is to estimate the probability that
the value of the action functional, I, on L, has an exponential tail with
rate T, i.e. that, for n large enough,

limsup 7~ InP[I(L) > \] < \. (1.79)
TToo

This is proven easily using the exponential Chebyshev inequality, since

9 1 dn
= ﬁ;nf

where 7, are iid standard normal random variables. But

n n
=5 |8, - BL
k=1

Eepniz < Ck < 00,

for all p < 1, and so

P

dn

1 i o

2T > o> A] < e PATEer i n7/2 (1.80)
=1

< —pAT ~nd
<e Cp

for all p < 1, and so (1.79) follows, for any n.
We can deduce from the two estimates the following version of the
upper bound:

Proposition 1.5.15 Let Ky ={¢: I(¢) < A}. Then

limsup 7' InP [dist(BT,K,) > §] < —A. (1.81)
TToo
Clearly the meaning of this proposition is that the probability to find
a Brownian that is not near a path whose action is less than A has
probability less than exp(—A\T).
The two bounds, together with the fact that the levels sets K (of T
are compact (a fact we will not prove), imply the usual formulation of a
large deviation principle:
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Theorem 1.5.16 For any Borel set A C W,

. < T inf 71 T .
'yelirrll{AI((b)_th’lrng InP [B" € A] (1.82)

<limsupT 'InP [BT € A] < — inf I(9),
T1oo yEA

where int A and A denote the interior respectively closure of A.

The next step will be to pass to an analogous result for the solution
of the SDE (1.58) with a scaled down Brownian term. i.e. we want to
consider the equation

t
X, =T7'?B, +/ b(X,)ds. (1.83)
0

(for notational simplicity we take zero initial conditions). The easiest
(although somewhat particular) way to do this is to construct the map
F:W —= W, as

F(y) =1, (1.84)

where f is the solution of the integral equation
t
16 = [ br(s)ds +4(0), (1.85)
0
We may use Gronwall’s lemma to show that this mapping is continuous.
Then X = F(BT), and
PX € A]=P[BT ¢ F~1(4)]. (1.86)

Hence, since the continuous map maps open/reps. closed sets in open/resp.
closed sets, we can use LDP for Brownian motion to see that

PIX € AJ< sup I(y)= sup I(y)=supl(F~'(7)),  (1.87)

~yEF—1(A) F(y)€A ~EA

and similarly for the lower bound. Hence the process X7 satisfies a large

deviation principle with rate function I(vy) = I(F~!(v)), and since
t
P00 =10 = [ b,

i) =5 [ 15— bl ds (1.89)

This transportation of a rate function from one family of processes to
their image is called sometimes a contraction principle.
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Properties of action functionals . The rate function I(v) has the
form of a classical action functional in Newtonian mechanics, i.e. it is
of the form

t
10) = [ £6()3(5), )i (1.89)
0
where the Lagrangian, £, takes the special form
L(v(s),7(5), ) = [17(5) = b(v(s), 5)|I3- (1.90)

The principle of least action in classical mechanics then states that the
systems follows a the trajectory of minimal action subject to boundary
conditions. This leads to the Euler-Lagrange equations,
d 0 0
——L(7,%,5) = —L(7,7,5s). 1.91
T (7,9, 9) > (7,9, 9) (1.91)
In our case, these take the form
d? 0 0

2= Eb(v(t)at) +b(v(t), t)%

One can readily identify a special class of solution of this second order
equation, namely solutions of the first order equations

Y(t) = b(y(t), 1), (1.93)

which have the property that they yield absolute minima of the action,
I(v) = 0. Of course, being first order equations, they admit only one

b(~(t),t). (1.92)

boundary or initial condition.

Typical questions one will ask in the probabilistic context are: what
is the probability of a solution connecting a and b in time t. The large
deviation principle yields the ansert

-1 .

P[|Xo —a|] <d,|X: —b] <] ~exp (e v:v(O)l—Ig'y(t)—bI(fY)) ,

(1.94)
which leads us to solve (1.92) subject to boundary conditions v(0) =
a,¥(t) = b. In general this will not solve (1.93), and thus the optimal
solution will have positive action, and the event under consideration
will have an exponentially small probability. On the other hand, under
certain conditions one may find a zero-action solution if one does not fix
the time of arrival at the endpoint:

P[|Xo —a|] <d,|X: — b] < 0, for somet < oo

~ exp (el inf 1(7)> . (1.95)

~v:v(0)=a,vy(t)=b,for some too
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Clearly the infimum will be zero, if the solution of the initial value
problem (1.93) with v(0) = a has the property that for some ¢ < oo,
~v(t) =b, or if y(t) — b, as t T 0.

Exercise. Consider the case of one dimension with b(z) = —z. Com-
pute the minimal action for the problem (1.94) and characterize the
situations for which a minimal action solution exists.

A particularly interesting question is related to the so called exit prob-
lem. Assume that we we consider an event as in (1.95) that admits an
zero-action path «, such that v(0) = a,y(T) = (b). Define the time
reversed path 4(t) = y(T —t). Clearly 44(t) = —4(T — t). Hence a
simple calculation shows that

T
I(3) — I(y) =2 / b(y(s)) -4 (s)ds = / b(y)dr. (1.96)

Let us now specialize to the case when the vector field b is the gradient
of a potentia, b(z) = VF(z). Then
/ b(y)dy = F(v(T)) = F(7(0)) = F(b) — F(a). (1.97)
¥
Hence

1(9) = I(7) + F(b) — F(a), (1.98)

If I(v) = 0, then I(¥) = F(b) — F(a), and this is the miminal possible
value for any curve going from b to a. This shows the remarkable fact
that the most likely path going uphill against a potential is the time-
reversal of the solution of the gradient flow. Estimates of this type are
the basis of the so-called Wentzell-Freidlin theory [6].

1.6 SDE’s from conditioning: Doob’s hA-transform

With Girsanov’s theorem we have seen that drift can be produced through
a change of measure. Another important way in which drift can arise
is conditioning. We have seen this already in the case of discrete time
Markov chains. Again we will see that the martingale formulation plays
a useful role.

As in the discrete case, the key result is the following.

Theorem 1.6.17 Let X be a Markov process, i.e. a solution of the
martingale problem for an operator G and let h be a strictly positive
harmonic function. Define the measure P" s.t. for any F; measurable
random variable,
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L

BLY] = s

E.[h(X)Y]. (1.99)
Then P" is the law of a solution of the martingale problem for the oper-

ator G" defined by
1
G" = ——(Lhf)(x). 1.100
(6" 1)) = g (LRI @) (1.100)
As an important example, let us consider the case of Brownian motion
in a domain D C R?, killed in the boundary of D. We will assume that

D is a harmonic function in D and let 7p the first exit time of D. Then

1 Vh
Gh=-A4+-—.V
2 + h ’
and hence under the law P, the Brownian motion becomes the solution
of the SDE
Vh(X:)
h(Xt)

dX, = dt + dB;. (1.101)

On the other hand, we have seen that, if h is the probability of some
event, e.g.

H(z) =P,[X,, € 4],
for some A € 0D, then
P*[) = P[|X,, € 4] (1.102)

This means that the Brownian motion conditioned to exit D in a given
place can be represented as a solution of an SDE with a particular drift.
For instance, let d = 1, and let D = (0, R). Consider the Brownian
motion conditioned to leave D at R. It is elementary to see that

P.[X;, = R] = z/R.
Thus the conditioned Brownian motion solves

1
dX, = —dt + dB,. (1.103)
Xy

Note that we can take R T oo without changing the SDE. Thus, the
solution of (1.103) is Brownian motion conditioned to never return to
the origin. This is understandable, as the strength of the drift away
form zero goes to infinity (quickly) near 0. Still, it is quite a remarkable
fact that conditioning can be exactly reproduced by the application of
the right drift.
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Note that the process defined by (1.103) has also another interpreta-
tion. Let W = (Wy,...,Wy) be d-dimensional Brownian motion. Set
R, = ||[W(t)||]2. Then Ry is called the Bessel process with dimension d.
It turns out that this process is also the (weak) solution of a stochastic
differential equation, namely:

Proposition 1.6.18 The Bessel process in dimension d is a weak solu-
tion of
d—1
2R,

dR: = + dB;. (1.104)
Proof.  Let us first construct the Brownian motion B; from the d-
dimensional Brownian motions W as follows. Set

. t .
BY E/ W;%(s) dW;(s)
0 s

and
d

B, =Y B

=1

The processes in Bgi)

Moreover the

CESSEAREEDS / t (WR—()>d -

P s
]

are continuous square integrable martingales since

so by Lévy’s theorem, B is Brownian motion. Thus we can write (1.104)
as

1 1d-—1
dRy = —dW;(t) + = dt.
t ; Rt z( ) + 2 Rt
But this is precisely the result of applying It6’s formula to the function
f(W) = ||W||2. Note that this derivation is slightly sloppy, since the
function f is not differentiable at zero, but the result is correct anyway

(for a fully rigorous proof see e.g. [10], Chapter 3.3). O

In particular, we see that the one-dimensional Brownian motion condi-
tioned to stay strictly positive for all positive times is the 3-dimensional
Bessel process. This shows in particular that in dimension 3 (and triv-
ially higher), Brownian motion never returns to the origin. Looking at
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the SDE describing the Bessel process, one might guess that the value of
d, as soon as d > 1, should not be so important for this property, since
there is always a divergent drift away from 0. We will now show that
this is indeed the case.

Proposition 1.6.19 Let R; be the solution of the SDE (1.104) with
d > 2 and initial condition Ry =r > 0. Then

P[Vt>0:R, > 0] =1. (1.105)

Proof. Let first r > 0. Let
mh=inf {t >0: R, =k F},

or=inf{t >0: R, =k}

and T, = 7; A o, An. Now use It6’s formula for the function h(Rr,),
where h(z) = =271 if (d —1)/2 = a # 1, and h(z) = Inz, if
d = 2. The point is that h is a harmonic function w.r.t. the operator

2 . . .
G= # +at L and hence h(R;) is a martingale. Moreover, since T}

x dx’
is a bounded stopping time, it follows that
E, [h (Rg,)] = h(r). (1.106)
Finally,
E. [h (Rr,)] = h(k)P. [Ty = ox] + h(k™F)P. [Ty = 72.] + h(Bn) P [Tk = nl.
(1.107)
Hence
h(r) (e Dkpmatl - ifd £ 2,
Pl =1 < ——= < 1.108
[T = 7 h(k=Fk) {kl?nrk, ifd = 2. (1.108)

Now all what is left to show is that Pln < 74 A og] | 0, as n T co. But
this is obvious from the fact that R; > r + By, and Py[B; < n] tends to
zero as n T oo. Hence,

lim P, [Ty = 73] = Pp[1% < o]

nToo

which in turn tends to zero with k. Now set 7 = inf{t > 0 : B, = 0}.
For every k, 7, < 7, so that, again since o 1 00, a.s.,

Plr < oo] < ]lle P.lr < og] < ]gm P, [1 < ox] = 0. (1.109)

This proves the case » > 0. For r = 0, just use that, by the strong
Markov property, for any € > 0,



26 1 Stochastic differential equations

Py [Re > 0,Ve <t < 0] =EoPp [[Re >0,V0 <t <oo]=1, (1.110)
since Py[Re > 0] = 1. Finally let € | 0 to complete the proof. O

Remark 1.6.1 The method used above is important beyond this ex-
ample. It has a useful generalization in that one need not chose for h a
harmonic function. In fact all goes through if h is chosen to be super-
harmonics. In many situations it may be difficult to find a harmonic
function, whereas one may well be able to to find a useful super-harmonic
function.
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SDE’s and partial differential equations

Already in the context of discrete time Markov processes [1] we have seen
that the martingale problem formulation of Markov processes leads to
an interesting connection between probability theory and linear bound-
ary value problems. In the case of stochastic differential equations, this
connections become even more profound leads to the connection between
diffusion processes and potential theory which can be seen as one of the
mathematical highlights of stochastic analysis. The classical case relates
only to Brownian motion, but the extension to more general second order
stochastic differential equations is quite straight-forward. Note that we
will henceforth switch notation and denote generators by £ rather than
G, as the letter G will be needed to denote Green’s functions. For an-
alytic background on elliptic partial differential equations the standard
reference is the textbook [8] by Gilbarg and Trudiger.

2.1 The Dirichlet problem

We consider the stochastic differential equation of the previous chapter
with time-independent drift and dispersion matrix

dXt = b(Xt) + O'(Xt)dBt, (21)

in RY. We have seen that the (weak) solutions of this equation are a
strong Markov process with generator whose restriction to C?(RY) is
given by

1 & 02 d 9
L=3 > %‘(@m + Z;bi(x) Fre (2:2)

ij=1 i=

where the diffusion matriz a is given by

27
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d
aij(x) =Y o (@)ow; (). (2.3)
k=1

In the sequel we will always assume that the dispersion matric o is non-
degenerate and hence the diffusion matrix is strictly positive, i.e. for all
r € R a(x) defines a strictly positive quadratic form. If a is strictly
positive, then the operator £ is called elliptic. If in some domain D C R,

Z aij(z)fzfj > 5”5”27
i,j

for all x € D, then we call L uniformly elliptic in D.

The classical Dirichlet problem associated with an elliptic operator
L and a domain, D, is described as follows (we assume here that D is
bounded). Let D C R and continuous functions gD — R, k : D —
[0,00), and u : 9D — R be given. can we find a continuous function
f: D — R, such that

—(Lf)(x) + k(z) f(2)
f(x)

Remark 2.1.1 The Dirichlet problem can also be posed if u is not a
continuous function on the boundary of D. In that case the condition
that f be continuous on D must be replaced by that condition that,
for all x € 9D, whenever a sequence x, € D converges to x, then

It is rather straightforward to see that the existence of a solution of
such a problem implies a stochastic representation. Namely:

g(z),Yx € D (2.4)
u(x), Vo € OD.

Theorem 2.1.1 Assume that f solves the Dirichlet problem above, and
let X be a weak solution of the SDE (2.1). Let p = inf{t > 0: X, & D}.

If
E,7p < o0, Vze D, (2.6)

then




2.1 The Dirichlet problem 29

Proof. The key to this result is the following lemma:

Lemma 2.1.2 Let F; be a filtration and X an adapted process. Let
fy9,k € B(S). Then f(X;) — fot([,f)(XS)ds is a martingale if and only
if

t

M, =e Jo k(XS)de(Xt) + /t e~ Jo B(Xy)dr (k(Xs)f(Xs) — (L) (Xs)) ds
0
(2.8)

is a martingale.

Proof. The proof of this lemma follows from Proposition 4.1.1 in [2]
. Just choose for M(t) the martingale f(X;) — fot([,f)(Xs)ds and for

V(t) the process exp (f f(f k(XS)ds). Then it is a slightly tedious but

straightforward computation (that uses Fubini’s theorem at the right
moment) to show that the expression in (2.8) is of the form V()M (t) —
fot M (t)dV (t) and hence a martingale. O

We use Lemma 2.1.2 with g = Lf where f solves the Dirichlet prob-
lem. Now since E,7p < oo by assumption, we get from the optional
sampling theorem that

EyM,, = E,M,. (2.9)

But E, My = f(x), while, due to the fact that

™D

E.M,, =E, [e_ Jo? M(Xa)ds (X)) (2.10)
+ [ e e () Fx,) - £10X))as]
0

T TD s
— B, [ WP ) 4 [ e iy s
0

which is what we claimed. Il
It is interesting to note that the finiteness of the expectation of the

exit time 7p is quite easily ensured (for bounded domains) from a rather
weak ellipticity condition.

Lemma 2.1.3 Let D be open and bounded in R?, and assume that for
some 1 </ <d,

min ag(z) > 0. (2.11)
z€D

Then E,mp < oo, for all x € D.
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Proof. Set a = min,cp ag(x), b = max,cp ||b(x)|], and ¢ = min,cpxe.
Let v > 2b/a. Consider the smooth function h(x) = —pe’*, with > 0
to be chosen later. Clearly

—Lh(x) = pe’** (%lﬂaa(x) + ng(x)) > %uyae”b (v —2b/a).

Now we can chose p such that the right-hand side is larger than 1, and
so Lh(z) < —1, for all x € D. But

tATD
W(Xonms) — / Lh(X.)ds
0

is a martingale, and so

tATD
_E, / Lh(X,)ds = h(z) — Exh(Xinry ),
0

or
h(z) — Eph(Xinrp) = Ex(t ATD)
and hence
E;(t A7p) < max |h(y)| < oo.
yeD
Passing to the limit ¢ 1 oo implies E,7p < oc. ]

The previous results give a stochastic representation formula for solu-
tions of the Dirichlet problem, assuming that a solution to the Dirichlet
problem and a weak solution of the SDE exist. One may ask whether
one can use this representation to prove the existence of solutions of the
Dirichlet problem? We will address this question in the simpler context
of Brownian motion.

Brownian motion and potential theory. Let us now consider the
setting where £ = %A and X; is Brownian motion in R?. Let us begin
with the simplest boundary value problem
Af(x)=0, z€D, (2.12)
f(z) =u(z), xe€dD.
We assume that u is bounded and continuous. From the theorem above,
an obvious candidate solution is
f(x) =E,u(B;,). (2.13)
Now f clearly satisfies the boundary conditions, and it is also not hard
to show hat Af(x) =0 for z € D. There are various ways ti show this.
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Note first that we can write, with P, the semi-group corresponding to
the Brownian motion starting at = that

(Pf)(@) = Ba [(Mypsi + Trpt) Ex, [u(Bry)] (2.14)
= Eo [Trp>Ex, [u(Brp,)]] + Ex 17, <iBx, [u(Br,)]] -
Now in the first term we can use the Markov property to see that
By [y >iBx, [u(Brp)]] = Eo[u(Brp )] = f(2) (2.15)
while the second satisfies the bound

B [Lrp<eEx, [u(Brp)} | < max u(z)Ps [7p < ¢]. (2.16)

Using (e.g.) the estimates from (??), one can easily show that

limt¢~'P, [rp < t] =0,
tl0

for any x € D. This then implies that
1
5Af (@) = lm (P~ 1) () = 0. (2.17)

We see that all that remains to show to establish that f solves the
Dirichlet problem is the continuity of f at the boundary of D. !

As we will see, the continuity property is linked to regularity properties
of the boundary of D.

Definition 2.1.1 Define the stopping time op = inf{t > 0: B; € D}
(note the difference to 7p when we start the process in the boundary of
D!). A point, z € 9D, is called regular , if P,[op = 0] = 1.

Thus a regular point has the property that the Brownian motion start-
ing at it will essentially immediately return to the boundary. An irreg-
ular point is one from which Brownian motion can immediately escape
into D.

Remark 2.1.2 It follows from the so-called Blumenthal-Getoor 0 — 1-
law (Lemma 2.1.4 below) that If a point z is not regular, then P, [op =
0]=0.

Lemma 2.1.4 [Blumenthal-Getoor 0-1-law] Let By be a d-dimensional
Brownian motion, starting in x, on a filtered space (Q,]?, ]P’z,ft) where
F is the usual augmentation of the natural filtration, F;, generated be
the Brownian motion. Then, if F € Fo, Py [F] € {0,1}.

L Clearly continuity is essential: without asking it there is no point in the problem,
since it would admit lots of solutions, e.g. zero in D and w on 9D.
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Proof. If F € ]?0, then F' differs from some set G € Fy only by a P,-null
set. But since G must be of the form G = {By € A} for some Borel set
A, it follows that

P,[F] = P4[G] = T4 () € {0,1}.

O

The following theorem establishes that the Dirichlet problem is solv-
able (uniquely) for bounded regular domains.

Theorem 2.1.5 Let d > 2 and let z € 0D be fized. Then the following
statements are equivalent:

(i) For any bounded measurable function u : 0D — R which is continuous
at z,

lim E,u(B;,) = u(z). (2.18)

D3x—z

(i1) z is a regular point for D.

(iii) For all e > 0,

lim P,[rp > ¢ =0. (2.19)

D3x—z

Proof.  We first proof that (i) implies (ii). From the remark 2.1.2, we
know that if the origin is irregular, then P,[op = 0] = 0. We will use
the fact that in d > 2, the probability that Brownian motion visits any
given point is zero, and in particular the probability that it returns to
its starting point is zero. Thus, if K, denotes the ball of radius r around

2,

i P.(By, € K] = Pe[Bop, = 2] = 0.

Now fix r such that P,[B,, € K,] < 1/4 and chose a sequence &,
0 < §, < r, tending to zero. Let 7, = inf{t > 0 : ||B;|| > 0,}. Then
P.[m, J 0] = 1, and so lim,, P.[r,, < op] = 1. Moreover, on {1, < op}
we have that B;, € D. Thus for n so large that P.[r, < op] > 1/2, we
have then that
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Fig. 2.1. Setting in the proof of (i) implies (ii)

>P,[B,, € Kr] >P.[By,, € Ky, 7 < 0] (2.20)
E ‘rn<<7DIED [BO'D € Ktlj:m]

= / 2™ < oD, B, € dz]P;[B,,, € K]
ﬁaKgn

NH

> inf P.[B,, € K,]/ P.[m < op, B, € dx]
IEDﬁKgn )

DﬁK(;n
= inf P.[Br, € K, JP.[1m < op]
ZEDﬂaKgn
1
> - inf P.[B,, € K,

~ 2 zeDNIKs,

Hence P, [B;, € K,] < % for some z,, € DN Ks,. Now choose a
continuous bounded function, f, with f(z) =1, f(z) <1, x € K, and
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f(z) =0, z ¢ K,. For such functions we get
1
limsupEInf(BTD) < hmsuppzn [BTD € Kr] < 5 <1l= f(Z),

so that (i) cannot hold. Therefore (i) implies (ii).
Let us now show that (ii) implies (iii). Notice that the function

gs(x) =Py[Bs € D;0 < s <¢€ =E,[Pp,[tp >€e—0]] (2.21)
= /Py[TD > ¢ — §|P,[Bs € dy]
is continuous in z. But
gs(x) L g(z) =P,[Bs € D;0 < s < €| =Pylop > €,
as § | 0, so that g is upper semi-continuous. This implies that

limsup P,[tp > €] < limsup P,[op > €] = limsup g(x) < g(z) =0,

rT—z rT—z rT—z

where the last inequality comes from the regularity of z, i.e. (ii). Thus
we have (iii) from (ii).

Finally we show that (iii) implies (i). We start from the observation
that P [maxo<i<. || B: — Bo|| < r] is independent of = and converges to
one as € | 0. Now

0<t<e

P.[||B-p, — Bol| <7] > P, H max ||B; — Byl < 7“} N{mp < e}}

> Py H max || B < r}] — P, [rp < d].

0<t<

When x — z, by (iii) the second term vanishes for all €, and letting € | 0,
the first term tends to one. Thus we get that

phm P [[|Brp —af| <r]=1.
Thus
|Emf(BTD) - f(2)| < |Ezf(BTD) - f(z)l (2'22)

< B [1yp,,, —apjr(f(Bro) = ()] |
+2 max LfW)IP[|| Brpy — || > 7]

Clearly all three terms vanish as z — z and r | 0 by the continuity at
zero and boundedness of f. [l
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A regular point

<Y

An irregular point

Fig. 2.2. A domain with one irregular point violating the cone-condition

The preceeding theorems imply that the Dirichlet problem has a unique
solution if and only if any point in the boundary of D is regular. Oth-
erwise, no solution exists. Moreover, the solution has the stochastic
representation (2.14).

Th following proposition gives a sufficient verifiable criteria for regu-
larity.

Proposition 2.1.6 A point, z € 0D is reqular if there exists a cone,
A, with vertex z, such that, for some r >0, ANK,(z) C D°.

Proof. Let C' > 0 denote the fraction of the surface of K, (z) that lies
within 4. Let K" = K, n(2), and A, = AN OK™ . Now mp = 0 if
oy € An for arbitrary large n, i.e. {rp = 0} D limsup, {B €
Ap}. Thus

T (n)

P.[rp = 0] = P.[limsup{B; ., € Ay}] (2.23)

> lim sup ]P)Z[BTK(n) €A, =C>0.
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The fact that then P,[rp = 0] = 1 follows from the fact that the event
in question is in Fpy and the Blumenthal-Getoor zero-one law. Ol

A slightly more abstract criterion is interesting because it involves the
notion of a barrier.

Definition 2.1.2 Let D C R? be open and a € dD. A continuous
function v : D — R that is harmonic in D, positive in D\{a}, and zero
at a is called a barrier.

Proposition 2.1.7 Let D be bounded and a € OD. If there exists a
barrier at a, then a is regular.

Proof. Let v be abarrier. Let f : 9D — R and define M = sup,¢5p | f(x)|.
For any € > 0, we can find 6 > 0, such that for € 9D and |z — a| < 4,
|f(x) — f(a)| < e. Choose k such that kv(z) > 2M(z), for x € D and
|x —a| > 6. Then |f(z) — f(a)|] < e+ kv(x), for all x € 9D. Thus

|Ee f(Brp) — fla) < €+ kEyv(Bry,) < €+ kv(z),
for all x € D. Now since v is continuous and v(a) = 0, it follows that

lim sup |Ezf(B'rd> - f(a’>| <,
ddr—a
for all € > 0, hence condition (i) of Theorem 2.1.5 holds and a is regular.

O

To show that the discussion of regular points is not empty, let us
look at a classical example of a point that is not regular. This is called
Lebesgue’s thorn. Let d = 3, and define, for €,, n € N such that €, | 0,
the sets

E={(z1,22,23) 1 =1 < a1 < L2 +23 < 1}; (2.24)
F, = {(1'1;1'2;1'3) 127" <y <27 el 4 a) < en} ; (2.25)
D=E\ | F.. (2.26)

neN

Let By = (Bt(l), BES), Bt(g)) be three dimensional Brownian motion. We
know form our discussion of the Bessel-processes that (Bt(Q),Bt(g)) will
never hit the point (0,0), i.e.

P [at >0: (B2, B =(0,0)] =0.
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Thus B; will never hit the compact set
K, = {(ml,xg,acg) 1972 < < 27"+1;x§ +x§ = 0};

Since moreover ||B|| — oo, a.s., almost all paths remain some posi-
tive distance away form the set K, and hence, the probability that a
path enters an e-neighborhood of it can be made as small as desired by
choosing € small enough. In particular, one can choose €, so small that

P[3t>0:B; € F,] <37

But unless B; (starting at 0) immediately returns to D, i.e. if op = 0,

B; must enter the set UneN F,,, so that
]P)()[O'D = O] < ]P[E't > 0,371 : By € Fn] (227)
<Y PEt>0:BeF,]<) 37"<1
n=1 n=1

Hence 0 is not regular.

2.2 Maximum principle and Harnack-inequalities
The relation between harmonic functions and martingales has a number
of further implications.
The first of these is the mean value property.

Lemma 2.2.8 Let D be a bounded domain, Tp the first hitting time of
a Markov process with generator L. Let z € D be fized. Assume that
E.mp < co. Define up as the probability measure on 0D given by

up(de) =P, [X,, € dx]. (2.28)
Then, a if a function h: D — R is harmonic in D, it holds that,
/ 1 (dz)h(z) = h(2). (2.29)
aD
Proof. Use the fact that h(x;,) is a martingale. O

The measure pp(dx) is called the exit distribution. It is absolutely
continuous with respect to the Euclidean surface measure, np(dz) on
oD.

An immediate consequence of the mean value property is the maxi-
mum principle:

Theorem 2.2.9 Let h be harmonic in an open, connected domain D.
If h achieves its supremum in D, then it is constant.
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Proof. Let h(z) = sup,ep h(y) = M. Let Dy ={y € D : h(y) = M}.
Since h is continuous, this set is closed. Moreover, by the mean value
property, for any y € Dy, for any ball B,.(y) C D

M = h(y) = /a o BB ),

which implies that for pp (,)-almost all z € 0B, (y), h(z) = M. Since
both h is continuous (and pp, () is is absolutely continuous with respect
to the surface measure, h(y) = M for all y € IB,.(y). But then D, is
open, and being open and closed, it must coincide with D. O

A more subtle consequence of the martingale property for harmonic
functions are the Harnack-inequalities.

We consider first the case of Brownian motion. Let R > 0 and let
Bpr/z) the ball of radius R centered at x. By symmetry, we have the
P, [TBR(JC) € dz] is the uniform distribution on 0Br(z). Hence, by the
mean value property,

1 R
hxzi/ dr/ h(z)op, (z)(dz 2.30)
() Torcn @ Jo " Josio (2)oB, @)(d?) (
1 / d
h(y)dy.
V(Br) JBa(x) (

Le., the value of h(z) equals to its spatial average over the ball of radius
R. Now let y € Bgr(x) and r sucht that B,(y) C Bgr(z). Clearly we
have again that

h(y) = V(lBT) /Br(y) h(z)d®z. (2.31)

Now let h be a non-negative harmonic function. Then it follows that

1 gy = VB,
he) 2 g [ s = g = () hw). a2)

From these basic estimates one can now derive the the Harnack in-

equality.

Theorem 2.2.10 Let D' C D be two connected open sets. Let h be
a mon-negative harmonic fucntion with respect to Brownian motion on
D C RZ. Then there exists a constant K, depending only on D, D', such
that

sup h(z) < K inf h(z). (2.33)
zeD’ zeD’
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Proof. For y € D choose R such that Bsr(y) C D. Then for any two
points, x1,x2 € Br(y), the previous inequalities imply that
1 1
h(wy) = —/ h(z)d%z < —/ h(z)d%z, (2.34)
V(BR) JBr(y) V(BR) JBayr(y)
1

- - 2)d%z ! 2)d’z
hz) = V(Bsg) /BsR(y) M= V(Bsr) /Bmw) o

sup h(x) <3% inf h(z). (2.35)
z€BRr(y) zE€BR(Y)

Now let 21 and x5 in D’ be such that h(z;) = Supgepry M), h(z2) =
inf,eps h(x). Now let v be a closed arc joining z1 and 25 in D. Choose R
such that 4R < dist(y,D¢). This arc can, by the Heine-Borel theorem,
be covered by a finite number, N, of balls of radius R, where N depends
only on D and D’. Then we an compare h(x1) and h(Xs2) by using he
estimate (2.35) not more than N times, hence

h(z1) < 3%V h(xs). (2.36)
This proves the theorem. [l

There are obvious extensions of the Harnack inequality beyond Brow-
nian motion (for analytic proofs in the general case of elliptic SDE’s,
see [8]). In fact, inspecting the proof all we used on Brownian motion
beyond the martingale property of harmonic functions was the unifor-
mity of the exit distribution on balls. Moreover, it is clear that to get
a Harnack inequalty, we do not really need uniformity, but upper and
lower bounds on the density of the exit distribution are sufficient.

Theorem 2.2.11 Let X be a continuous strong solution of an SDE. Let
D C R? be a bounded open domain. Assume that there exist constants,
0 <c¢< C < o0, depending only on D, such that, for any ball Br(x) C
D

7

P, (X d
c< Py (Xr, € dy) <C (2.37)
np(dy)
Then any harmonic function h satisfies a Harnack inequality in D, in
the sense that for any D' C D, there exists a constant K, such that

(2.83) holds.

The proof is on the exact same lines as that of the previous theorem
and will be left as an exercise.
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Reversible diffusions

In this Chapter we turn to more explicit computations in the context
of diffusion processes with small diffusivity. We will exploit the some
special structures in the context of reversible processes.

3.1 Reversibility

The theory of Markov processes that we have developed so far can be
seen as a theory of operators acting either on bounded functions (the
semi-group action of functions), or on measures. In special cases we can
replace this by a L? theory with respect to certain measures.

Let P, by a strongly continuous contraction semi-group acting on a
space B(S). Assume that a measure, u, on S, is invariant with respect
to P;. Then the action of P can be extended to the L? space L*(S, p).

Lemma 3.1.1 Let f be in L*(S, p) where p is invariant with respect to
P;. Then (Pif) € L*(S, ).

Proof. We will show that the L?-norm of P, f is controlled by that of
f. Namely,

[ ey (2@ = [ wiaa) [ / Pt(fc,dy)f(y)r (3.1)
< [ utde) [ P [ Puto.dy)
< [ tas) [ Pwdp s = [ utdofay

Note that we used the Cauchy-Schwarz inequality and the invariance of

1. O

40
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Having an L?-action of P;, we can naturally define its adjoint, P}, via
/u(dx)f(z)(Ptg)(x) = /u(dx) (P f) (x)g(), (32)

for all f,g € L?(S, ). One may check that P* is itself a Markov semi-
group that generates the time-reversed process to X, in the sense that

(Prf)(Xy) = f(Xo).

Definition 3.1.1 A measure, yu, on S is called reversible with respect
to P, if, for all functions f,g € L2(S, ),

/ £(2)(Pug) (@) pu(d) = / 9(2) (P, f) (@)l da) (3.3)

Lemma 3.1.2 If p is a reversible probability measure for P:, then p is
an invariant probability measure for P;.

Proof. Clearly f =1 isin L?(S, ). Hence we have
Jwroizig) = [(Po)entan) = [g@mtan. )

for all bounded measurable functions g, hence p is invariant. 1

Note that the converse is not true in general, i.e. an invariant measure
is not necessarily reversible.

Thus, we may also say that that a measure is reversible with respect
to P, if P is self-adjoint on the space L?(S, ).

The terminology “reversible measure” is customary, but actually ir-
ritating. The reversibility property is one of the Markov process, resp.
the semi-group, and not one of the measure. So I prefer to call a Markov
semi-group reversible, if there exits a measure, u, such that P, is sym-
metric in the space L%(S, 1), i.e. that (3.3) holds.

One of the nice things is that a SCCSG that is reversible is a contrac-
tion in the L2-space, by Lemma 3.1.1.

The notions above introduced through the semi-group extend to the
generator of a Markov process. Thus, for an invariant measure p, we
can define the adjoint, £* of a generator £, such that

/u(dz)(ﬁ*g)(x)f(z) = /u(dx)g(x)(ﬁf)(x)v (3-5)

for all f,g € D(L) such that Lf,Lg € L*(S,pu). Note that, if p is
a probability measure, the second condition is automatically verified.
A reversible Markov process is then characterized by the fact that its
generator is self-adjoint in L?(S, ) for some invariant measure .
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Theorem 3.1.3 Let p be a reversible measure for a Markov process.
Then the generator, L, defines a non-negative definite quadratic form,

E(frg) = — / u(dz)g(z) (L) (). (3.6)
called the Dirichlet form .

Proof. First, due to the fact that £ is self-adjoint, £(f, f) is real for
all f in D(L). Moreover, by definition, we have that for such f and if

E(f, f) < o0,
£(.5) =timt ™! [ wldo) (o) (F(@) ~ (PL)w). (3.7

But

/u(dx)f(z) (f(z) = (P f)(x)) = ||f||§,;ﬁ/u(dx)f(z)(Ptf)(w)

> 13,0 = U2l PefII 0 = WFIZ = 2l 115, = 0, (3.8)

where we used Cauchy-Schwarz and Lemma 3.1.1. This implies that the
limit, too, is non-negative. [l

Remark 3.1.1 The form £ can be extended to the set {f : E(f, f) <
oo} which mostly is larger than the domain if £. There is an entire
theory that allows to use this fact to construct a Markov process from
a Dirichlet form. For a detailed treatment, see e.g. the book [7] by
Fukushima et al..

Since L is positive and self-adjoint, it can be written in the form
L = AA, with A positive, and the Dirichlet form then has the form

E(f.9) = / u(dz) Af (z) Ag (). (3.9)

3.2 Reversible diffusions

We will now look at reversibility issues in the context of diffusions. The
formal adjoint of the operator £ given in (2.2) is
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Lyl =5 ﬁ (@)gla) — 3 a%bm)g(x) (3.10)

= IS (e te)
72 _.a” v al'ial'jgz

2,

+3 (Z a“g;j >) e
Z &Ezaz Z 8:01 ().

We can see that this is equal to £ if and only if
3aij (ZL')

G = (@) (3.11)

J
for all ¢ = 1,...d. Thus (3.11) is a condition for the diffusion to be
reversible with respect to Lebesgue measure.

Next we may want to look for a reversible measure ju(dz) = e’ ®)dz,
i.e. a reversible measure that is absolutely continuous w.r.t. Lebesgue
measure. This will be the case if

(L*(ge") (@) = ") g,

But
(L*(gef)(z) = F'@) ! Z a; P9) (3.12)
is 8118%
9g(x) OF (x)
F(x) g
+e ; ai;(x) r. O,
0’F(z) OF(x) OF(z)
F(m)
te Za [8:@8:0] + 81'1 895]- :|g($)

s (5250 ) (501 42

The first condition for reversibility is then that
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Fig. 3.1. Capacitor

> (aij(z)agg) + %’;) = 2b;(x). (3.13)

(1) = e~ F(@)  Na F(z)
2b;(x) =e 7z, (aw (x)e ) . (3.14)

In particular, in the simples case when a;;(z) = J;;, we get a necessary
and sufficient condition

0

i.e. the drift must be the gradient of a potential F' (up to the factor 2).
In that case the generator takes the very suggestive form

1
L= 5@*F<I>veF<z>v. (3.16)

Qbi (x)

F(x), (3.15)

The corresponding Dirichlet form then can be written as

£(f.9) =~ [ uld)f(@)(Lo)(e) = 5 [ n(da)(V7(a), V(o))
(3.17)
where (-,-) denotes the inner product in R

3.3 Equilibrium measure, equilibrium potential, and capacity

In the following we will return to the general case of SDE corresponding
to a generator that is a uniformly elliptic differential operator £ with co-
efficients satisfying Lipschitz conditions (so that unique strong solutions
to the SDE exist).
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Let D be a open domain in R? with 0D = AU B, with AN B = 0.
Then the solution of the Dirichlet problem

Lh(z) =0,z € D (3.18)
hz)=1,x € A
h(z) =0,z € B

is called the equilibrium potential of the capacitor (A, B). Recall that,
forx € D,

h(z) =Pylta < 7B]. (3.19)

Remark 3.3.1 The boundary conditions here are not continuous, so
recall Remark 2.1.1. We do not assume that D is connected.

Remark 3.3.2 The names here come from the classical case when £ =
A /2. Then the Dirichlet problem is a classical problem of electrostatics.
The sets A and B correspond to two metal plates attached to a battery
that imposes a constant voltage (potential) difference between the plates.
The solution of this problem then describes the electrostatic potential
(whose gradient is the electrostatic field).

Next we consider the inhomogeneous Dirichlet problem,

—(Lf)(x) =g, x€D (3.20)
f(x) =0, z € 9D

We have seen that, if this problem has a unique solution, then it has the
probabilistic representation

f(z) = Ea / " (%) =E, / h /D Py(z, dy)g(y)dt, (3.21)

where P;(x,dy) is the semi-group associated to the generator £. Thus
we define the Green kernel,

Gp(z,dy) = EZ/ Pi(z,dy)dt (3.22)
0

in terms of which the solution of (3.20) can be written as
£@) = [ s0)Golw.dy) = (G) (o) (3.23)
D

Note the similarity with the resolvent of the semigroup. In fact, one
may define

TD
G([;\)(.T, dy) = EZ/ e NPy (x, dy)dt (3.24)
0
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Then G)b exists for all A > 0 even if E,7p = oo, and

£ = [ a8 (@) = (€)@ (3.25)
solves the Dirichlet problem
(~L=Nfa(x) =g,x €D (3.26)

h(z) =0,z € 9D

Note that it is of course an interesting question (to which we will return),
to ask for which values of A we can still define Gg\) for given D.

The Green kernel will often have a density with respect to Lebesgue
measure, i.e.

Gp(z,dy) = Gp(z,y)dy. (3.27)

The function Gp(x,y) is then called the Green function.

Example Let us return to the case of Brownian motion and £ = %.
z—y 2
Then we know that P (x,dy) = We* L dy, and hence
D 1 lle =yl
G =E, —————e 2 dt 3.28
D('rvy) /0 (27Tt)d/2e ( )
d o 2
_ 7T7d/2||1' _ yH2deIF — 1, H:C yH ,
2 27‘[)

where I'(a, b) denote the incomplete gamma-function,

F(a,b)z/ e S50 h
b

Let us now look at the relation between equilibrium potential and
the Dirichlet form in the case of a reversible diffusion. Let us try to
compute £(h, k). One might be tempted to think that £(h, h) = 0, since
Lh(z) = 0 except on the boundary of the sets A and B. But of course
on these, Lh may be singular, since no differentiability assumptions are
made on the boundary. So we may interpret Lh as a measure that is
concentrated on the boundaries of A and B. Since h vanishes on 0B,
we get that

E(h,h) = — /a ) (£m)(do) (3.29)

The measure (—Lh)(dx) is called the equilibrium measure associated to
the capacitor A, B.

To understand this better, let us return to the case a;;(z) = d;;.
We then have the following integral formula, known as the first Green’s
formula .
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Theorem 3.3.4 Let D be a regular domain and let ¢, be in C?(D).
Let L be given by (2.2). Then

[ dnem (Vo). Vo) — vie)CLO@)  (330)

- / F O ()0 () dop (1),
oD

where Oy, denotes the inner normal deriwative at x € 0D.
Proof. In the case ' = 0 this formula a classical. The extension to the
general case is by a straightforward computation. Ol

Remark 3.3.3 An immediate consequence of this identity is the so-
called second Green’s formula,

/D eF @z ($(x) (2L0)(x) — () (2L6) (x)) (3.31)

- /6 ()00 6(2) — 6@y (2) dop )

The second Green’s formula gives rise to the integral representation of
a solution of the Dirichlet boundary value problem,

—(Lf)(z) =0, xze€D, (3.32)
f(2) = u(@), ze€dD,
in terms of the Poisson kernel , namely

flz) = /6 . IO =F @y (4)d,,) Gy, ¥)dop (y). (3.33)

Using the first Green’s formula, we can give a precise relation between
equilibrium potential and capacity. Namely, setting ¢ = ¢ = h in (3.32),
we see that

/ de " @ (Vh(z), Vh(z)) = / F@O Y h(@)doa(e),  (3.34)
D A
i.e. we have that on A the equilibrium measure, (—Lh)(z) is given by
ea,B(dzr) = Op(gyh(z)doa(x). (3.35)
The quantity
cap(A, B) = / eF' @8, h(z)doa(x), (3.36)
A

is called the capacity of the capacitor A, B. In electrical language, it
is the total charge on the plate A. Using relation (3.34), we see that
alternatively, the capacity is also the total energy of the potential h.
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Last exit distribution and equilibrium measure. It will be nice to

have a probabilistic interpretation of the equilibrium measure that will

at the same time explain why Lh really becomes a surface measure.
We see that, for z in A, we should have something like

~(Lh)(x) = lim e~ (1= P)(h(a)) (3.37)

— 13f51t_1]E”” (1—Px, [Ta < 7B])

=limt 'E,Px, [t < 74].
£10

Let us define the last exit time, L4, from A as

Ly=sup{0<0<71p:X, €A}, (3.38)

with the convention sup ) = 0 Note that this is obviously no stopping
time and that

P.[La > 0] =Py[ra < 78] = h(z). (3.39)
Note that we can write the expression in the last line of (3.37) as

E.Px, [t < Ta] =P,[0 < La <.
Hence we set

Yie(z) =t7'PL[0< La <t]. (3.40)

Let us also define the last exit distribution, L(x,dy), on A, by

L(z,dy) =P, [Xp,- €dy;La > 0]. (3.41)
We want to prove the following lemma:

Lemma 3.3.5 Let f be a continuous function on D. Then

i [ Gole,n) )W)y = [ Liz.dy) (). (3.42)

Proof. Without loss let f > 0. Using the representation of the Green
function through the semigroup (3.22) we get
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[ Gotawyino) )iy~ / (X F (X, )ds (3.43)
=¢! /OO E, [f(Xs)Px,[0 < L < t]]ds
0
= til /OOO Ez [f(Xs)]Is<L<s+t] ds

—E,

Lo
0<Ly< t;t’l/ f(XS)ds]
0

+Ez

La
t< LA;fl/ f(Xs)ds] :
L

A—t

First, both terms in the last line are obviously uniformly bounded as
t | 0. Moreover,

La
E, lo <La< t;til/ f(Xs)dS < CE; [0 < La< t] \l/ 0, (344>
0

as t | 0. Finally, by continuity of f,

L
limE, [t < LA;t—l/ f(XS)ds] =K, [0< La; f(Xp,_)ds].
tl0 La—t
(3.45)
Integrating over A gives the claim of the lemma. Ol

From Lemma (3.3.5) one can deduce that the family of measures
i (y)dy converges to a measure e(dy) on A. Moreover, this measure
satisfies

Integrating this formula over A, we arrive at the expression

/ G (2, y)e(dy) = / L(z,dy) = h(z). (3.47)
A A

Hence e(dy) satisfies the defining relation of the equilibrium measure
Thus we have proven a very interesting and useful relation between the
equilibrium potential, the equilibrium measure, and the Green function.

Theorem 3.3.6 Let as before A C D be open sets with smooth bound-
ary. Then, for all x € D,

h(z) = Gp(x,y)ea,p(dy). (3.48)
oA



50 8 Rewversible diffusions

Remark 3.3.4 Is is instructive to think about this result in the follow-
ing way. We have already seen that we may want to think of Lh as a
measure. Then we have that

—(Lh)(z)dx = e p(dx), =z € D, (3.49)
h(z) =0, x€dD.
Then the solution of this problem in terms of the Green function is

precisely the expression (3.48). Note that (3.3.6) holds also in A, with
h(z) = 1.

This formula for the Green function gives of course corresponding
formulas for solutions of Dirichlet problems. E.g., if we consider for
some function g the Dirichlet problem

(L)) = g(z), zeD (3.50)
f(x)=0, =ze€dD,

then of course f(z) = [, dyGp(z,y)g(y). By symmetry, Gp(z,y) =
FW=F@Gh(y, ), and so

/DdxeF(z)h(z)g(z) :/Ddzh(:c)/ "M g(2)Gp(y, x)e" W Wey p(dy)

0A
:/ PO [ Gp(y, 9)g(x)ea,p(dy)
0A

D
= / "W f(y)ea, p(dy). (3.51)
A
Introducing the probability measure
eFWe, p(dy)
va,p(dy) = 7%@(4 D) (3.52)
on 0A, this gives
1
v d = 7/ dze” @ h(z)g(z). 3.53
| vantint) = —=5 [ (glx).  (353)

As a particular example we get, with g(z) = 1,
1
va,p(dy)Eymp = 7/ dze” @ h(z). 3.54
| vantanem = —=s [ (@) (3.54)

Dirichlet principle . We have seen that the equilibrium Dirichlet
form computed on the equilibrium potential gives the capacity. We will
how show that the equilibrium potential is the solution of a variational
problem.
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Theorem 3.3.7 With the notations and assumptions above, the follow-
ing holds. Let Ha p be the space of continuous functions,, f, on D such
that,

(1) E(f, [f,) < oo, and
(i) f(x)>1,2€ A and f(x) <0, z €< D".

Ad) = inf E(f, ). 3.55
cap(4, d) ot (f, 1) (3.55)
Moreover, if Hap # 0, the infimum in (3.55) is achieved uniquely on
the equilibrium potential, i.e. cap(A4, D) = E(h,h).

Proof. Let us assume that the set H4 p is not empty. Consider a
function g such that £(g,g) < co and that g vanishes on both 9D and
0A. Notice that, for h € Ha p,

E(h+eg,h+eg)—E(hh) = e/ w(dz)g(x)(Lh)(x) + 2E(g, g).

D\A

(3.56)
This implies two things: first, if Lh(x) = 0, then A is a global minimum
of £ in Ha,p. We know already that such a function exists, namely the
equilibrium potential. Next assume that there is another function, f,
such that E(f, f)) = £(h, h). Then the identity

“hofo 1 1
£ (Lt L) e (S5 15) = Seh. D+ 5EMmm),  (357)
implies that
5(M M)<5(h h)fs(ﬂ ﬂ) (3.58)
2 072 ) ) 2072 ) :
Since h is an absolute minimum, this can only hold if
E(f—h,f—h)=0. (3.59)
But this means that ||V(f — ¢g)(x)]]2 = 0 p-almost surely. O

The Dirichlet principle is a powerful tool for asymptotic computations
of capacities, and, hence, as we shall see, much more. To a large extend
this is due to the fact that it allows for natural upper and lower bounds.
The most immediate one of these is of course given by the elementary
observation that

Corollary 3.3.8 For any function, f € Ha B,
cap(4, B) < &(f, f). (3.60)



52 8 Rewversible diffusions

25

Fig. 3.2. A potential function on [—3, 3]

3.4 The case of dimension one.

The above considerations lead to very explicite answers in the case when
d = 1. The first observation is that all homogeneous boundary value
problems in this case can, by linearity, be reduced to computing the
equilibrium potential for on interval (a, b),i.e.

(Lh)(xz) =0, z€(a,b) (3.61)
hia) =0
h(b) =1

Note also that the general uniformly elliptic case, we can be reduced to
the problem with generator

(ER)(@) — 5 () + b(a) ' (2). (362)

Note also that, in d = 1, any bounded function b can be written as a
derivative of another function, F'/2, where

Flz) =2 /0 " b(a)da. (3.63)

Thus we are always in the reversible case. Hence we are reduced to
solving the ordinary differential equation

S (@) 4 b()h () = 0, (3.64)

which in turn reduces to the first order equation

%u’(m) +b(z)u(x) =0 (3.65)
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Fig. 3.3. The corresponding equilibrium potential Py |3 < 7_3]

when we set u = h/. Clearly (3.65) has the general solution
u(z) = Cre '@ (3.66)
and so the general solution of (3.64) is

h(z) = C, / e FWdy + s, (3.67)
0

with C7 and C5 integration constants to be determined from the bound-
ary conditions. In particular, for the equilibrium potential related to the
interval (a,b) we have

B fa”” e‘F(y)dy

h(x) = . 3.68
&= e, (3.65)
Hence the capacity cap(a, b) is readily computed as
1
cap(a,b) =E(h,h) = (3.69)

2 [} e=TWdy

Some reflection shows that we can get from (3.3.6) the following formula
for the Green function in (a,b): For x < y,
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hm, a,b (y)
Glap) (T, y) = 7{6 : (3.70)
F(z) L —hep(y)
cap(x,b)
fyb e F) gy
be* (=) dz
_ F@) Jx f d

2 f;’ e~ F(2)dz

1 b
= —eF(””)/ e Pz
2 y

and for y < =z,
1 Yy
G(a,b)(‘ray) = §€F(y)/ eiF(Z)dZ- (371)

3.5 Another view on one-dimensional diffusions

We have seen in the previous section that the computation of the equi-
librium potential in one-dimensional case allows to compute the Green
function and hence to essentially solve everything that can be expressed
in terms of Dirichlet problems.

We will now take a different look at the same issue. The perspective
will be more on the level of the process. We will see that the solution of
a 1d SDE can be constructed from Brownian motion in a way that will
exhibit again the crucial role.

Let us recall that the harmonic functions we encountered con be writ-
ten in the form
s(z) — s(a)
s(b) — s(a)’

where s(x) is an increasing function whose derivative is e~ ¥(*). The

Py(1a <) = (3.72)

function s is usually called the scale function Recall that in the case
of Brownian motion, s(z) = z. Now let B be Brownian motion and
consider the process Y; = s71(B;). Clearly we have that
s(x) — s(a)

s(b) — s(a)’

(here the superscripts indicate that the probabilities are w.r.t. the cor-

P} (ta < 7) = Py (Ta(a) < Tor) = (3.73)

responding processes) hence the process has the same harmonic function
as the one solving dX; = %F’(Xt)dt + dB;. Is it the same process? No,
but using Itd’s formula, we see that Z; = s(X;) satisfies
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1
dZt = S/(Xt)dXt + §S/I(Xt)dt

— §'(X,)dB, + %(s’(Xt)F’(Xt) +8"(Xy))dt

= S/ (Sil(Xt)) dBt,
which is of the form

dZt - g(Zt)dBt

95

(3.74)

(3.75)

We will show that any solution of an SDE of the form (3.75) is a time

change of Brownian motion.

Theorem 3.5.9 Let g be a measurable function such that g(x) > § >
0. Then (3.75) has a unique weak solution. Moreover, there exists a

Brownian motion, B, such that
Zy = B(n),

where v = inf{u : A(u) > t}, and
A(t) E/O g(B(u) " “du.

Proof. Clearly we have that th if Z solves (3.75), then

dl2), = g(Z)2dt.
On the other hand,
[Bliz), = [Z]:-
Inverting this relation we may write
B(t) = Z@),

where 7(t) is the inverse time change, i.e.
(1)
(Z]7 () = / 9(Zu)*du = t.
0

Differentiating this latter relation we get

1= g(Zr)*7'(t) = g(B(t))*' ().

Hence

and hence

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)
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|
0= || St (384

7 being the inverse of the time change, we see that the time change [Z];
is really the inverse of the function 7, which is given purely in terms of
the Brownian motion B. O

It remains to generalize the first part of our construction. Thus con-
sider the general form of the SDE
with ¢ > 0. We know already that the equilibrium potential will be of
the form (3.72) with s being an integral of
s(x)=e" J§ 26(z)/0*(2)dz (3.86)
Again Z; = s(X;) then has the same harmonic function as Brownian

motion, and the same calculation as in (3.74) shows that Z; is a solution
of (3.75), this time with

g(z) = '(s7 (@)o (s (x)). (3.87)
We summarize these results in the following theorem.
Theorem 3.5.10 Assume that o(x) > 0, as long as [ b(z)o~%(z) < oo
exists of © € I, then the SDE has a unique weak solution given by
Xy =s""(B(w), (3.88)

where ¢ is the continuous inverse of the function

At:/o B (3.89)

where g is given by (3.87), and B is Brownian motion.

The strong point of this result is that very little regularity is required
for the drift or difussivity. For example, this theorem allows to make
sense of the Brownian motion in a Brownian potential: Let W (t) be a
realization of a Brownian motion, and consider the formal expression

dX, = W'(X,)dt + dB,. (3.90)

Since W is not differentiable, this expression is formal. However, the
corresponding potential, W, is well defined, and so is the scale function
s(x) = exp(W(x)). Thus we can interpret the process obtained from
Egs. (3.88)-(3.89) as the solution of (3.90).
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3.6 Brownian local time and speed measures

The aim of this section is to give an alternative representation of the
time change formula that will give rise to the possibility to construct
even larger classes of one dimensional diffusion processes. At the same
time we will deepen the discussion of local time that was initiated in
Theorem 1.2.3. The following discussion draws on lecture notes by Steve
Lalley.

Let us first observe what would be the natural notion of a occupation
measure. Let A € B(R) be a Borel subset of the real line. Then we can
introduce

t
I':(A) = / T4(Bs)ds (3.91)
0
as a random measure on (R, B(R)). The main result we will use and
need, is the following theorem.

Theorem 3.6.11 With probability one, for each t < oo, the occupation
measure Iy is absolutely continuous with respect to Lebesque measure,
and it density, I, is jointly continuous in t and x.

¥ is called the local time of Brownian motion at . We have already
seen that the local time at zero can be represented as a stochastic integral
via an extension of Itd’s formula (Tanaka’s formula). This gives the
representation

t
I =|Bt —al — |By — a —/ sign (Bs — a)dBs. (3.92)
0

We will first show that

Theorem 3.6.12 There exists a version of the process {lf,a € R,t €
Ry} that is jointly continuous in t and a.

Proof. We will deal with a fixed time horizon T' < oc. Define
t
&i(a,t) = / sign (Bs — a)dBs (3.93)
0
and
&(a,t) = |By —al — | By — al. (3.94)

Obviously & is jointly continuous, since B is continuous. Thus we need
to prove that & has a jointly continuous version. The tool to prove this
is a lemma due to Kolmogorov.
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Lemma 3.6.13 Let £ be a stochastic process indexed by R™ with val-
ues in a complete metric space with metric p. If there exist positive
constants, «a, 3, €, such that

E (p(éz,&y))" < Blz —y["T, (3.95)

for all x,y € R™, then there exists a continuous version of X .

We apply this theorem to the process & (-, t), t € [0,T]. We may also
consider the process on a bounded interval. Then it will be enough to
show that

E & (z,t) — & (y,t)]P < Clz —y*T° (3.96)
E |€1('Tat) - 51(xat/)|p S C|t - ﬁ/|2+(s

Now

€1 t) — €1y, 1)) = / (sign (Bs — ) — sign (B, — b))dB,

t
<9 / Ty ) (B.)dB. (3.97)
0
Hence, using the Burkholder inequalities,
t 2m
Eléi(e,t) = &y, )™ < 2°"E ’/ T(z,0r) (Bs)dBs (3.98)
0
t 2m
< Cp2°™E / | (Bs)ds
0
In the final expression we can now estimate
t 2m
E / Ty .y (Bs)ds (3.99)
0

:m'/ P[BtlG(zay)v"'vBtmE(zay)]

0<t1<tm—1<-<t;,m<t

<mt [ E [Py, (B, € (x.9)Ps,, (B € (2.1)) ..
0<t1<tm—1< <t <t

.. PBtmfl(Btm € (‘T’y)):|
<mly—z)"Vi .

The corresponding estimate for different times is similar. O
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With this absolutely continuous local time process we can of course
write the time change function (3 89) in the form

At:/otﬁdu:/ /du—/mdzt, (3.100)

where m(dz) = g~2(z)dz and [7 is the density of the Brownian local time
process. The measure m(z) is called he speed measure(essentially it tells
us how the local time of Brownian motion is transformed to the time of
the new process in the point z). . This formulation gives rise to an even
wider class of one-dimensional diffusions that can be constructed as time
changes of Brownian motion through more general speed measures.

3.7 The one-dimensional trap model and a singular diffusion

In the following we show that these processes are not totally hypotheti-
cal, but that they can arise from more or less reasonable discrete models.

In the following we will give the construction of a random motion in
a random environment that was studied by Fontes, Isopi, and Newman
some years ago [5].

We begin be prescribing a random environment on Z as a family of
iid random variables, 7;, i € Z, whose distribution will be be assumed
to satisfy

lim ¢°P[n > 1] = 1 (3.101)

for a < 1. Note that this implies in particular that Ery = +o0o0. Our
next ingredient will be a continuous time, unbiased simple random walk,
Zk, k€ N, on Z.

(Note that a continuous time random walk can be described as follows:
Let Y%, k € N, be a discrete time simple random walk on Z (i.e. Y} =
Zle u;, where u; are iid with Plu; = +1] = 1). Let C(k) = Zf;ol €,
where e;, © € N, are iid exponential random variables with rate 1. Then

20 = Yo1(p (3.102)
where C~! is the inverse of C,
fHt) = inf{k : f(k) > t}. (3.103)

We will now construct a continuous time process a time change of the
simple radom walk Z as follows. Define the so-called clock process

S(u) = /Ou Tz, dr (3.104)
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The process X is then defined, for a given realization of the random
variables 7;, as
Xt = Zg-1(u) (3.105)

We now want to re-write the clock process in terms of a speed measure.
For this we define the local time process of Z as

t
Lj.t) = / I (3.106)
0
Then we can re-write the clock process as
S(u) =Y t;L(j,u). (3.107)
JEL

One sees easily that there is a complete analogy between the construction
of a diffusion from Brownian motion.

We now consider a rescaling of space and time to obtain a continuous
process limit. Clearly we have from (a complete analog of) Donsker’s
invariance principle that

lﬁiﬁ)l €Zi)e2 = By. (3.108)
Now assume that for some £,
2SN Pt) = S.(t) — B(t), (3.109)
then
Xi=eXesy = €Ze—25.11) = 25, 1) (3.110)

and we may expect that

The question is thus to see whether and to what the process €25~ (e~t),
respectively its inverse,

S.(u) = €’ S(u/e?), (3.112)
converges. Now
S (u/e?) = Z ArL(i,u/e?) = ZeBTiLE(ei,u), (3.113)
i€z i€

where by definition L. (ei,u) = L(i,u/e?) is the the local time process for
the rescaled process Z(t) = €Z; /> and we may expect this to converge
to the local time process of Brownian motion. On the other hand, we
can think of the sum as an integral over the random measure
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me(dz) = Z 6Z-€(dac)7'ieﬁ, (3.114)
i€z
i.e.
Se(t) = /me(dz)Le(z,t), (3.115)
It is a curious fact that

/ me (dz) Lo (1) = / me (da)iE. (3.116)

This is due to the fact that the local time density of Brownian motion on
an integer point ¢ before visiting one of its neighbors is an exponential
random variable with mean one. Thus we have actually immediately an
expression of our (rescaled) process X¢ immediately as a time change of
Brownian motion with speed measure m..

Thus the key question is whether m(dx) converges. this will be the
case, due to (3.101), if § = 1/«. This follows from a more general result
about the convergence of so-called extremal processes.

(for a proof see, e.g., [11]):

Theorem 3.7.14 Assume that X; are iid random variables that satisfy
lim e 'P[X; > uc(c)] = v(c). (3.117)

ntToo

where v is an increasing (respectively decreasing) function. Then, the
point process

Z Oie,us(X0)) (3.118)

i€EZL
converges in distribution to the Poisson point process, R on Ry xR with

intensity measure dt x dv(x) (respectively —dv if v is decreasing).

Using the property (3.101), we see that in our case, with u.(c) =
e Ye¢, we have that
P > eV = ¢ e VYO PIm > eV = O
Thus the theorem yields

Corollary 3.7.15 The point process
Re=) d(iccarary =R (3.119)
icZ
converges to the Poisson point process on R x Ry with intensity measure
dt x ac™17%dc.
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One can show that this implies that, if @ < 1, the measures

m. (dz) = / R.(dz, dt)t (3.120)

converge to the measure

m(dx) = /R(dz,dt)t. (3.121)

Note of course that we are speaking of random measures here. So what
converges is the distribution of these random measures. In proper terms,
we would have to equip the space of measures with a topology (e.g. the
vague topology) and speak of weak convergence of the family of random
measures with respect to this underlying topology.

One can easily check that the measure m(dz) is singular (in fact it is
a pure point measure) with respect to Lebesgue’s measure. Nonetheless
one can use it to construct a singular diffusion as a time change of
Brownian motion form it, that will be the natural candidate for the
limit process in our model.

It is known that if a sequence of (point) measures, v,, converges to
a point measure v (in a suitable topology that I will not discuss here),
then the corresponding time-changed processes converge to the process
with time change obtained from the speed measure v.

Can we apply this fact in our case, when the measures p. converge
only in weakly? The answer is yes, in general due to Skorohod’s theorem,
that states that weak convergence of a family of random variables, X,
is equivalent to the existence of a another family, X,,, such that for each
n, X, and X, have the same distribution, while X, converges almost
surely.

A coupling . It is an amusing observation that in the case of our
random measures m., this construction can be made in a very explicit
way. It will also exhibit a deep relation between these measures and
Lévy processes.

Let us first briefly recall what an a-stable Lévy subordinator, U, is.
There are in fact at least two ways to describe it: one is to say that U is
a non-decreasing stationary process with independent increments whose
Laplace transform is given by

Ee @) — exp {m/ (e™ — Dw™1"%dw| . (3.122)
0

Another way to characterize it is to say that it is the distribution function
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on R associated with the measure m(dz), normalized s.t. U(0) = 0 (see
my lecture notes on ageing [?]).
Now introduce the scaling function G such that

PlU(1) < G(a)] = Plr < a]. (3.123)
Then define
=Gt (e_l/aU(e(i +1)— U(ei)) . (3.124)

Lemma 3.7.16 The family of random variables 7{, i € Z is iid and 7
has the same distribution as 1.

Proof. The proof of this lemma follows form the fact that the subor-
dinator U is a-stable, i.e. that e~ /“U(¢) has the same law as U(1).
O

Using these random variables we can construct measures
Me =Y €0, (3.125)
icZ

which now converge almost surely to m, where of course the the distri-
bution function of this m is used as U in the construction of the 7;.

The existence of a non-trivial scaling limit for this model have far-
reaching consequences for its long time asymptotics. In particular, it
implies so-called aging behavior. This notion refers to the long-time
behavior of of certain correlation functions of the process, e.g.

R(tw,t) = P[Xigr, = X1, ] (3.126)
One says that a process shows aging, if
Jim R(t, 0t) = £(6), (3.127)
for some non-trivial function f. Now in our case we have that
Rltu, 08) = P[X,, 140 = X0, ] = PIX12, = X1 ). (3.128)

Again we may expect this to converge to
P [Bsi+6) = Bs(1] (3.129)

which would be our desired ageing function expressed in term of the
limiting process.
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