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Introduction

These lectures will focus on some aspects of the dynamics of disordered
systems. Our main interest is to understand the long-term behavior of
these dynamics in situations when they the systems approaches equilib-
rium very slowly. In the physics literature, the paradigm of ageing has
been introduced to characterize this behavior.

1.1 Characterisation of ageing

The term ageing refers to properties of a system out of equilibrium. In
principle, this property refers to real (physical) systems. In the widest
sense we can describe it as follows. Assume a systems is prepared (pro-
duced) at some initial time t5. Then the system is left to itself. After
some time t,, (called waiting time), an experimentalist may perform
some measurement on the system. The question is, whether the ex-
perimentalist will be able to deduce the elapsed waiting time from his
observation. If the answer is yes, we will say that the system ages,
otherwise it does not.

Of course, this is a very general characterization and we will be inter-
ested in more specific situations. There are a number of clear real-world
examples:

many living beings, such as humans;
wine....

steel under stress

plastics

glasses

unmagnetized iron placed in a magnetic field
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e a magnetized material when the magnetic field is switched off

and many many more.

In these lectures we will be concerned with mathematical models that
correspond to this behavior. Again, one could look at very general dy-
namical systems, but we will confine our interest exclusively to Markov
processes.

Let us introduce some notation.

1.2 Trap models

The best studied models for aging are the so-called trap models, intro-
duced essentially by Bouchaud and Dean [10, 11]. These models were
introduced as caricatures of more realistic models, but they teach us
something about how one would like to think about ageing systems. Let
us give a general definition.

A trap model has the following ingredients:

(i) A graph, G = (€,V); this can either be an infinite graph or a family,
Gn, of finite graphs such that |G| T oo.

(ii)) A random environment of traps, i.e. a family of positive random
variables, 7;, ¢ € V. The usual assumptions in trap models are that
these are independent and identically distributed, and, moreover that
they are in the domain of attraction of an a-stable distribution with
a <1, ie. limypoo t“P[1; > t] = 1. In particular E7; = +o0.

(iii) For any realization of the random variables 7;, a continuous time
Markov chain, X; with state space V and transition rates

T e, if (i,7) € &,
pi,§) = = Cpimee T T ifi= (1.1)
0, , else

for some parameter 0 < a < 1.

Note that with this choice, the Markov process is reversible with respect
to the measure p(i) = 7; on V.

We will in these lectures mainly consider the case a = 0, which is the
original choice of Bouchaud. In that case the dynamics has a simple
description: starting in some site, i, the process waits an exponential
time with mean 7;, and then moves on uniformly to one of its neighbors
in the graph G. Now the random variables 7;, i.e. the trapping times,
have a very heavy-tailed distribution, so that as the process wanders
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about, it can find ever deeper traps, i.e. sites where it will wait longer
and longer. So if it is the case that the process, by time 7" is with large
probability in a trap whose waiting time is of order g(T"), then we can
indeed determine the age of the process by studying its current typical
sojourn times. The nice feature of trap models in that respect is that
the state space has site by site a temporal characteristic, a feature that
more complicated models do not immediately show.

There has been a considerable amount of work done on trap models in
the case when G = Gy is the complete graph and when G = Z¢, mostly
by Ben Arous and Cerny [7, 2, 3, 4].

We see that we will always be working with Markov process in random
environments. It will be convenient to fix some notation once and for
all.

Let (€2, F) be the measure space on which the random variables 7; are
defined, and let (Dy(V), B(Do(V))) be the measure space of cadlag func-
tions with values in V. We consider the product space (2 x Dy(V), F x
B(Dy(V))), where F x B(Do(V)) is of course the product sigma-algebra.
On this space we define a probability measure, P, as follows:

(i) The marginal distribution of the random variables 7; under P is the
product measure with identical one-dimensional marginals given by
the distribution of the 7;.

(ii) The conditional distribution of P, given F, P, = P[-|F], is the law of
the Markov chain described above.

One can easily check that this prescription fixes the joint law of the pro-
cess X and the random variables 7;. The measure P, is often called the
quenched law. Rather abusively, the marginal of P in (Do(V), B(Do(V)))
is called the annealed law by some authors, but this should be avoided.

When studying trap models, the most commonly used correlation
functions are

Rlty,t] = P[X (tw +t) = X (tw)], (1.2)
respectively its quenched version
Riltw,t] = P X (ty 4+ t) = X (tw)]. (1.3)
Another correlation function is
Mty, t] =PX (ty +5) = X(tw), V0 < s <, (1.4)
respectively

I, [tw, t] = Pr[X (ty + 1) = X (t,), V0 < s < 1]. (1.5)
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One could of course, instead of just asking that X (s) = X (¢,,) ask for a
milder version, like dist (X(s), X (t)), for some distance, or one might
ask for the distribution of such a distance. However, as again we will
see later, it is in the spirit of the trap model to use the strict definition
above: for large times, very deep traps are quite isolated, and so the
right thing to realize the event is for the process to be in the same deep
trap (most of) all the time.

One now speaks about ageing systems, if these functions, as ¢ and ¢,,
become large, do not become independent of t,,.

1.3 Glauber dynamics

Trap models may reproduce ageing behavior, but they are in some sense
ad hoc models, that are not motivated by microscopic physical models.
In particular, they have two features that seem artificial built in: the
independence of the traps and the heavy tails of the distribution of the
traps.

Models that are a step closer to reality are Glauber dynamics of (ran-
dom) spin systems. Here we consider as state space the hypercube
Sy = {—1,1}¥ (we could also be more general), and defined on this
an energy function (Hamiltonian) Hy (o) which may depend on a ran-
dom parameter, i.e. may be considered as a random process indexed by
Sn. The examples we will be concerned with here are so-called mean-
field spin glasses, where Hy is a centered Gaussian process with some
covariance

cov(Hy (o), Hn(0")) = N f(dist y(o,0")),

for some function f such that f(0) = 1 and dist 5 a normalized distance.
The most prominent examples are the p-spin interaction Sherrington-
Kirkpatrick models, where

cov(Hy (o), Hn(0")) = NRy(o,0")P, (1.6)

with Ry(0,0’) = N~ Y | 0,0}. Given such a Hamiltonian, one con-

structs a Gibbs measure

2N exp(—Hy(0))
Zﬁ7N

ps.n(0) (1.7)
where Zg v is such that pg ny is a probability.

A Glauber dynamics is then a (discrete or continuous time) Markov
chain that is reversible with respect to this measure. In most cases, one
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assumes also that only transitions are allowed in which a single spin is
flipped at a time. Popular rates are:
Metropolis rates:

plo,0") = exp (=B[Hn(0") = Hy(0)]1), iflo—o'| =2 (1.8)

and zero else; particularly nice to handle are
random time change rates:

p(o,0') = exp(BHN(0)), ifloc—0o'|=2 (1.9)

We see that in these dynamics, neither independence nor heavy tails
appear. Nonetheless, one expects that under suitable conditions, trap
model dynamics emerges as appropriate description of the long time be-
havior of these models (when N 1 o0). To understand how this happens
will be the main theme of these lectures.
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Some equilibrium results: The REM

In this chapter I will briefly present some of the ideas surrounding
the equilibrium properties of spin-glasses in the simplest case the REM.
This will then motivate the REM-like trap model in a heuristic way, and
we will later see to what extend this heuristics can be justified.

We will work on the configuration space Sy = {—1,1}V, although for
some time that may look quite artificial. The simplest (from a proba-
bilistic point of view) energy landscape we can define are of course iid
random variables. Thus we set

Hy(0) = —VNX, (2.1)
where X,, 0 € Sy, are 2V ii.d. standard normal random variables.
The first things to look for are the minima of this function, i.e. the
maxima of the X,. Now for iid random variables, this is a well studied
problem in the field of extreme value statistics. We begin with a simple
observation.

Lemma 2.0.1 The family of random variables introduced above satisfies

lim max N~Y2X, =v2In?2 (2.2)

Nlooc c€SN

both almost surely and in mean.
Proof Since everything is independent,

N

1 o, 2
P X, <u|l=[1-— —z7/2 . 2.
{msx “—“] ( vk d“””) (23)

We see that for the left hand side to converge, we need to chose u = un
in such a way that
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oN oo
V2T Juy (@)

as N T oo. To see find the right choice of uy, we need to have a good
estimate on the error function. This will always be done using the fact
that, for u > 0,

1

2 o 2 1 2
LA < [ s L (25)
u u

e * 2dy — g R, (2.4)

u

One can now check that if we define

x In(N1n2) + Indn
un(z) =vV2NIn2 + — , 2.6
w(@) V2N In2 2v2N In 2 (26)

then
20 [T g - (2.7)
— e T —e )
V2T Juy ()

and thus

—N _—x 2V —e "
P |max X, <un(z)| ~ (1—2 e ) —e (2.8)
ceESN

In other terms, the random variable uy' (max,csy X,) converges in
distribution to a random variable with double-exponential distribution

(known as the Gumbel distribution). O
Next we turn to the analysis of the partition function.
Zon=2"N Y SVNX (2.9)
ocESN

and its exponential rate, the free energy,

1
Py = 55 InZs . (2.10)

This will be important, because we will want to consider processes whose
invariant measure is given by the so-called Gibbs measure,

ppn(0) = Zy e PV,
A first guess would be that a law of large numbers might hold, implying

that Zg v ~EZg n, and hence
1 2
1\1[1%20 Dy n = zlrl%go NlnIEZﬁﬁN = %,a.s. (2.11)

Holds only for small enough values of !
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Theorem 2.0.2 In the REM,
g f <
lim E(I)B,N _ BQZ) or 6 = 60
NTeo TC + (ﬁ - ﬁc)ﬁca for ﬁ > ﬁc

where . = V/21In 2.

(2.12)

Proof We use the method of truncated second moments.
We will first derive an upper bound for E®g . Note first that by
Jensen’s inequality, EIn Z < InEZ, and thus

52
Edsy < (2.13)
On the other hand we have that
d E, X, el VNXo
E—®sy=N 1B 2.14
a5 2o Zon (2.14)
< N7'V2R max X, < fV2In2(1 + C/N)
TESN
for some constant C'. Combining (2.13) and (2.14), we deduce that
i for B <
Edsy < inf { 2 or 0=l
6020 | 22 4 (8 — Bp)v/2In2(1 + C/N), for B> fy

(2.15)

It is easy to see that the infimum is realized (ignore the C'/N correc-

tion) for By = v21In2. This shows that the right-hand side of (2.12) is
an upper bound.

It remains to show the corresponding lower bound. Note that, since

dd—;ZQ)g,N > 0, the slope of ®g y is non-decreasing, so that the theorem

will be proven if we can show that ®5 y — (%/2 for all 3 < V21n2, i.e.
that the law of large numbers holds up to this value of 5. A natural idea
to prove this is to estimate the variance of the partition function. One
would compute

EZ3 y = E,EqEe/VNXetXor)

=27 [ N7 NN (2.16)

o#o’! o
= N1 = 27N 4 2NN
where all we used is that for o # ¢’ X, and X, are independent. The

second term in the square brackets is exponentially small if and only if
3% < 1n2. For such values of 3 we have that



Some equilibrium results: The REM 9

]EZE,]\,/(IEZ@N)2 -1
(1— efeN)2

2-N 4 2—N6N52

— (1 _ e—eN)Q

which is more than enough to get (2.11). But of course this does not

(2.17)

correspond to the critical value of § claimed in the proposition!
Instead of the second moment of Z one should compute a truncated
version of it, namely, for ¢ > 0,

Z@N(c) = Eaeﬁ‘/ﬁ){“ Iy v (2.18)

An elementary computation using (2.5) shows that, if ¢ > 3, then
efoﬂ/Q
V2rN(c— ()

so that such a truncation essentially does not influence the mean par-

62N

EZsn(c)=e 7 (1 - (1+ 0(1/N)> (2.19)

tition function. Now compute the mean of the square of the truncated
partition function (neglecting irrelevant O(1/N) errors):

EZ3 n(c) = (1—27M)[EZs n (o)) + 2 VEVVXom o (2.20)
where
€2ﬁ2N, if 260 <c

_ ey (2.21)
Xo<cVN 2_N(§BTZT217N’ otherwise,

Combined with (2.19) this implies that, for ¢/2 < 8 < ¢,
2~ NE 20VNXo

E 625\/ﬁx(, 1

e—N(c—B)2—N(2 In2—c?)/2

Xo<eVWN _ (2.22)
(82ws) (26— VN
Therefore, for all ¢ < v2In2, and all § < c,
~ ~ 2
Zﬁ,N(C)’V_ EZﬁ,N(C) S e—Ng(C,ﬁ) (223)
EZ@N(C)

with g(e, ) > 0. Thus Chebyshev’s inequality implies that
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P ||Zs.n(c) —EZg n(c)| > 6EZs n(c)| < 626 N9(eh) (2.24)
and so, in particular,

1 ~ 1 ~
]1]1%10 NEIH Za n(c) = ]1]1%10 N InEZs n(c) (2.25)

for all B < ¢ < v2In2 = (.. But this implies that for all 5 < (., we can
chose ¢ such that

1 1 ~ 2
AlflTrgo N InEZs n > ]%[1%1010 N InEZs n(c) = % (2.26)
This proves the theorem. O

Next we will turn to a more refined analysis of what happens if 3 >
V21In2. The key result is the following:

Theorem 2.0.3 Let P denotes the Poisson point process on R with
intensity measure e~ *dwx. Then, in the REM, with o=t = 3/v/2In2, if
G >+v2In2,

e—N[B\/an 2—In 2]+%[1n(Nln 2)+1n 4F]ZB,N E / ez/oup(dz). (227)

Remark 2.0.1 The following computations are very important. The
will reappear in the analysis of the dynamics. We will then see that the
right-hand side of (2.27) has an interpretation in terms of an a-stable
subordinator.

Proof Basically, the idea is very simple. We expect that for 3 large,
the partition function will be dominated by the configurations o cor-
responding to the largest values of X,. Thus we split Zg y carefully
into

Zj%fcﬁ = Eaeﬁ\/ﬁx" ]I{XUSHN(I)} (2.28)
and Z7% = Zg n — Zg?v Let us first consider the last summand. It is
convenient to rewrite this as (we ignore the sub-leading corrections to
un(x) and only keep the explicit part of (2.6))
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— un (unt .
Zﬁ>j\[22 N Z eﬁ\/ﬁ N(uy (X ))]I{

uyt (Xo) >}
cESN
N(Bm_IHQ)_ZL[In(Nln2)+1n47r] 229)
x D e I G ks (230
ocESN
1
o uyt (Xo)

Z . 5 T . (2.31)

{uy (Xo)>z}
(6 N) ocESN -

where C'(8,N) is defined through the last identity. The key to most
of what follows relies on the famous result on the convergence of the
extreme value process to a Poisson point process (for a proof see, e.g.,

[16]):
Theorem 2.0.4 Let Py be point process on R given by

Pv= D 6,i(x.) (2.32)

oceSN

Then Py converges weakly to a Poisson point process on R with intensity
measure e~ "dzx.

Clearly, the weak convergence of Py to P implies convergence in law
of the right-hand side of (2.29), provided that e/ is integrable on [z, o)
w.r.t. the Poisson point process with intensity e”*. This is, in fact, never
a problem: the Poisson point process has almost surely support on a
finite set, and therefore e*/® is always a.s. integrable. Note, however,
that for 6 > v/2In2 the mean of the integral is infinite, indicating the
passage to the low-temperature regime.

Lemma 2.0.5 Let ZE”]”V, « be defined as above, and let P be the Poisson
point process with intensity measure e *dz. Then

C(B,N)Z5% = Z/O‘P dz) 2.33)
B,N

Next we show that the contribution from Z ;?\/ is negligible compared
to this contribution, when x | —oo. For this it is enough to compute
the mean values
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EZ5% = /UN(Z) PVNzp—z2j2 42
- C Ver

uN(f)*ﬁ\/N d
_ NB/2 / Z 22

V2r
Ngije €N @-BVRP/2

V2r(BVN — un(x))

27Nex(a7171)

2

eN(B\/Z In2—1In2)— 5= [In(N In 2)+In 47]

a -1
z(a”t=1) 1
€
= 2.34
a 11 C(3.N) (2.34)
so that
z(a”t-1)
NEZS% ~ S
C(ﬂv ) B,N Oé_l -1

which tends to zero as 2 | —oco, and so C(8, N)IEZ;;V converges to zero
in probability. The assertions of Theorem 2.0.3 follow. ]

Now note that the right hand side of (2.27) really is a sum, i.e. if we
denote by xz;,7 € N the atoms of the Poisson point process P, then the
right hand side of (2.27) can be written as

Zo=) eme (2.35)
i€EN
which can be thought of the partition function of a model with state
space N and Hamiltonian H (i) = x;, where a; are the atoms of our Pois-
son process, and temperature . This model then captures the asymp-
totics of the random fluctuations of the partition function of the REM.
Of course we can associate a Gibbs measure v, to this model, via
emi/a
Zo

Note that if we pass from the energy variables z; to the Boltzmann

vo(i) = (2.36)

weights y; = €%/, by elementary change of variables we see that the y;
are the atoms of a Poisson point process on R with intensity measure
ay~dy.

In the next section we will consider a model that effectively can be
seen as a Glauber dynamics corresponding to this model. This will be
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the REM-like trap model of Bouchaud. In Chapter 3 we will than see
how the dynamics of the real REM is related to this one.
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The REM-like trap model

We will now investigate in some detail the simplest of all trap models,
called the REM like trap model. The idea is that this should correspond
to the dynamics associated to the limiting model associated to the Pois-
son process that described the asymptotics of the partition function of
the REM. Thus, in principle, we would like to define a model with state
space N, reversible with respect to the measure v, defined in (2.36).
It remains to fix the probabilities to go from one state ¢ to another.
The natural choice would be the uniform distribution, but of course this
makes non sense (immediately). Therefore, one goes through a limiting
procedure: fix an energy —F, and consider only the sites ¢ with z; > —F.
We know that the number of these sites is Poisson with rate e”. The
values of the corresponding x; are independent exponential on (—F, c0).
Now condition on the fact that the Poisson variable takes the value,
N ~ ef | and shift energies by E, i.e. set E; = x; + E (this corresponds
to a change of time scale). Then we have N sites with exponential ran-
dom variables on [0, 00). It remains to notice that if = is an exponential
random variable with mean 1 on [0,00), the e®/® has the distribution
az 17z,

The resulting model is a trap model with G = Gy is the complete
graph on N vertices, a = 0, and the 7; have the form 7; = exp(+E; /),
where F; are iid exponential random variables. We will assume that the
initial distribution at time zero is the uniform distribution.

We will present three ways to analyze this model.

14
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3.1 The renewal theory approach.

We first follow the approach initiated by Bouchaud to study the correla-

tion function I [t., t] in this simple model. We will always assume that

initially, the process starts from the uniform distribution on {1,..., N}.
Let us begin with the statement of the result.

Proposition 3.1.6 Define

Ho(6) = ﬁ /;O dx(; (3.1)

T cosec 1+ x)xe

Then, for a < 10,
lim ————=

=1, a.s. 2
NToo Ho(o) » 6.8 (3 )

In the remainder of this subsection we outline the proof of this theo-
rem.

Lemma 3.1.7 The function Uy (t,,t) satisfies the equations

TN (fu, £) = 1 — Fi(tw + 1) + /tw T (te — u, t)dFy (u), (3.3)
0
where
1 — Fy(t) = P[Xn(s) = Xn(0),Vs < t] = % > et (3.4)
/=1

is the probability that the process does not move up to time t.

Proof The proof of this lemma is elementary. Just notice that to realize
the event defining, the process may either never jump, or it has to make
a first jump before at some time u < t,. Since the jump takes the
system back to the uniform distribution, we can renew from that time.

O

Remember that we study the solution of this equation in the limit
when NV T co. Our first step will be to replace Fiy by its limit. Justifying
these passages to the limits can be done using concentration of measure
techniques, but we will not go into these technical points here. Accepting
that this is justified, we get

Fot)y=1- a/ dpe /@1
1

which is no longer random. Let 1 (s,t) denote the unique solution of
the equation
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t
T by t) = 1 — Fao(tu + 1) +/ T (fu — 1, £)dFo (1) (3.5)
0
Lemma 3.1.8 For all t,,,t > 0,
J\lfle Iy (tw, t) = Moo (tw, t), a.s (3.6)

The limiting equation (3.5) is solved following standard procedures
(see e.g. [15]). One defines the renewal function M (¢) that solves the
equation

t
M(t) = Fxo(t) +/ Mt —u)dFs(u) (3.7)
0
In terms of this function, the solution of (3.5) is then given as
t
oo (tw,t) =1 — Foo(tw +1) + / (1—Fooltw+t—u)dM(u) (3.8)
0

Setting foo(t) = F(¢),
foo(t) = “tepm2meg 3.9
(t) oz/1 e T T (3.9)

Denote by g¢* the Laplace transform of a function g, ie. g*(u) =
o —ut
Jo e g(t).

F;O(u)ula/loo(diz (3.10)

ux + 1)x®

=u - aufHo‘/ _dr
. (+ome

In the last expression, the integration is understood to be along a trans-
formed path in the complex plane if v is complex. Performing the change
of variable z =y~ — 1,

© de V) gy o
/u (Hz)sc“z/o W:/“/(H“)Z (1—2)7Fh
(3.11)

One recognizes the Beta integral

L gy T
/0 (L—yrtyr=t T(u+v) (3.12)

Thus

/Ooo (1—;1# — T()T(1 - ) sinz;a) = 7 cosec () (3.13)
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Thus, when u — 0, the integral in (3.10) converges to the constant
mcosec (mar). Similarly, we have that

* >~ 1 —l-a

In particular, f% (0) = 1, and

1—f2(u)= a/ 1- T % = ozuo‘/ -
1 1+ ux o (z+1)az

(3.15)
Taking the Laplace transform of (3.7) this implies that
FZ (u) 1 _
M*(u) = —> = T U (3.16)
L fo(w)  autte [7° d

and, by classical results on the asymptotics of the inverse Laplace trans-
form (see [Doe], Vol. 2, Section 7), this in turn implies that for ¢ T +o0,

M(#) ~ mal'(a) zZsec (rav) (8:17)

Finally, we can compute the asymptotics of the solution of equation
(3.5). Here we will directly make use of the fact that the Laplace trans-
form of Tl (s,t) is given explicitly as

X —ty /T dx
afl € (uz+1)zl/™

1= f(u)
we have already established the asymptotics of 1 — f% (u) near u = 0.
We still need to treat the numerator. It will be convenient to write

> 1
P S — d 3.19
04/1 ¢ (uerl / CC/tw/gc uz+1)xa( )
> 1
a/ dve™ 7J/ do———+—
0 tw VAL (uz + 1)z~
o0 o0 1
= a/ dve‘“/ de————
0 tofo  (ux +1)ze

o0 1 1
—oz/ dvefv/ do——m+——
t to /v (uz + 1)z~

w

I (u, t) = (3.18)

Now the first term can be conveniently represented as u® times an ex-
plicit Laplace transform:

a/ dvefv/ do——m+—— :auo‘/ dveﬂw/ do———
0 tw /v (’U’(E + 1)‘%'& 0 tw/v (‘T + 1)‘%'&
(3.20)

Note that since all integrands vanish at infinity in the right-half plane,
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0/u and uoo can be replaced with 0 and oo, resp., i.e. the integration
contours can be deformed to integrations along the real line. We will
show that this term is the dominant one.

In fact, combining (3.15) with (3.19) we get from (3.18) that

foo/u dve=wv fuoo dx
0 dx
l. e
o] v rl
71;511; dve L /v dxm

u f (1+m)m“‘

1
(14+z)z>

I3 (u, tw) = (3.21)

Now the integral in the denominator equals

[ aimm=l e [ oo 322

o0 un
= 7 cosec (m/a) —ul "V Z(fl)”i
o n+l—-1/a

where the last sum is convergent for |u| < 1. Thus the leading singular
(at w = 0) term from the first term in (3.21) is given by

f dve™"" ftw/v dr gy (1+z)z‘3‘
7 cosec (ma)

(3.23)

which obviously is the Laplace transform of the function Ho (¢, /t).
It remains to consider the second term in (3.21). Here the numerator
converges to a constant as u tends to zero, in fact, at u = 0 it equals

00 1 o)
1 1
/ dvefv/ de— = / dye™ [1 — ylf’l} < const.e”tw
t tw/v T I—aJ,

: : (3.24)

Therefore the leading asymptotic of the second term is given by

Const.u™% e tw (3.25)

The inverse Laplace transform of the second term has therefore the lead-
ing asymptotic behavior

Hi(ty,t) ~ Const.t® e tw (3.26)

Note that while the asymptotics in ¢ looks the same as that of the second
term of Hy(t,,/t) in the case t,,/t | 0, due to the exponential decay in t,,,
this term can be neglected if t,, is large. Thus we have now established
the “aging” asymptotics found in Bouchaud.
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3.2 The spectral approach

A second way to analyze ageing in this model is via spectral analysis.
This looks rather appealing since on may hope that ageing in rather more
general situations may be characterized through the spectral properties
of the generator of the corresponding Markov chain. This method was
developed in a paper with A. Faggionato [14]

Setting x; = 1/7; = e~ F#/® the infinitesimal generator of the REM-
like trap model is easily seen to be given by the following matrix:

N=Dz1  _ay _z
N N N
—Z2 (N71)12 e —Z2
Ly = N N N (3.27)
_zN _zN (N—.l)f”N
N N N

We start by giving a complete description of the eigenvalues and eigen-
vectors of L. Let = pn be the measure on Sy with pu(i) = x;l = 7.
Note that Ly is a symmetric operator on L?(u) and, trivially, LyZ = 0
where 7 is the vector with all entries equal to 1. The following proposi-
tion is based on elementary linear algebra:

Proposition 3.2.9 Let x1,x2,...,xN be all distinct. Then, Ln has N
positive simple eigenvalues 0 = Ay < Ao -+ < Ay such that

{)\1,)\2,...,)\N}:{)\EC : Qﬁ()\) :O},

where ¢(N) is the meromorphic function

p(\) = Z %L/\ (Ae0). (3.28)

If the x; are labeled such that v1 < xo < --- < xn, then x; < Aip1 <

ZTit1, fori=1,...,N — 1. Moreover, for anyi =1,...,N, the vector
P e RN defined as
() _ 7 .
w] :L'] _ Az’ forj ) ) )

is an eigenvector of L with eigenvalue N;. M, . .. N form an or-
thogonal basis of L?(1).

Since the z; have a absolutely continuous distribution, we trivially
have the

Corollary 3.2.10 The assertions of Proposition 3.2.9 hold with proba-
bility one for all N.
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Proof Let X be a generic eigenvalue and let us write the corresponding
eigenvector, 1, as ¢ = a(l,...,1)" + w, where Zj\]:l w; = 0. Since
(Ln1)j; = xjwj, we have to solve the system

rjw; = Aa+ Awj, Vj=1,...,N. (3.29)

Since x1,...,xy are distinct, it must be true that a # 0 (otherwise we
get 1 = 0). Without loss of generality, we set a = 1. Note that A # x;,
for j = 1...N, since otherwise (3.29) would imply that A = 0 = x;.
A

T;—A"
get that ) is an eigenvalue with ¢ s.t 1; = %, being the corresponding
eigenvector, iff $(A) = 0. This implies that ¢ has at most N zeros. Since
#(0) = 0, and, for real A, limy|,, #(A) = —o0, limy1s, ¢(A) = 0o, we get
that ¢ has exactly N zeros. From here the assertions of the theorem

follow immediately. [

Therefore we get w; = Since it must be true that Zjvzl w; =0, we

Proposition 3.2.9 has the following simple corollary:

Corollary 3.2.11 With probability one, the spectral distribution on =
Avjyzlc;)\j converges weakly to the measure ax® tdx on [0,1].

We will now show that Proposition 3.2.9 allows to derive the asymp-
totics of the autocorrelation functions easily. In fact, it contains far more
information on the long time behavior of the systems (see [14]).

Recall that p:(i, ), the probability to jump from ¢ to j in an interval
of time ¢, can be expressed as p;(i,j) = (e_wN)L .. In particular, by
writing 14 for the probability distribution of Yy (¢) and thinking of the

dvy

Radon derivative 4 38 column vector,

th - e_tﬁN dl/o

du du’
we see that
th N < lfj_ii’aw(k) >

— =) ke thugyk), 3.30

The above formulas are true for an arbitrary initial distribution. Taking
v to be the uniform distribution, by Proposition 3.2.9, we get

N

2 (z; *j)\k)Q '

j=1

N

dv, B

i = E o) where Vk L=c B k) 5=
k=1
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Then, by Proposition 3.2.9 and (3.30),

Aktw

Iy ZZ”’&_M e~ " ast (3.31)

j=1k=1

(3.32)
This formula admits a nice complex integral representation as follows:

Lemma 3.2.12 Let v be a positive oriented loop on C containing in

its interior Ai,...,An. Let g be an holomorphic function on a domain
DccC with'yCD Then, for anyjzl... N,
Yrg(Ar) /
= —————d\. 3.33)
== Ti— N\ d(A z] - ) (

Proof Let us set X = {x1,...,ay} and A = {1, \a,...,An}. Then,
@()) is an holomorphic function on C \ X, where ¢'(\) = Z;\le (zjzfj)\)z,
and, in particular, ¢'(A;) = 7]-_1. Moreover, the function [p(N\)(z; —
A)]71, a priori defined on C \ (X UA), can be analytically continued to
X as a meromorphic function with simple poles only at the points of
A. Now the conclusion follows from a trivial application of the residue
theorem. Ol

We can obviously use Lemma 3.2.12 to rewrite Equation (3.31) in the
form

1 e tw
HN(t,tw):Q—m,/ N (Avj — /Avj - ) (3.34)
Y

where Av; denotes the average over j =1,2,..., N.

The above integral representation of Iy (t,t,) has two advantages.
First, the appearance of averages allows to compute their limiting be-
havior as N T oo easily by using the ergodicity of the random field E.
Second, by means of the residue theorem, their Laplace transform can be
easily computed in order to derive the asymptotic behavior of Iy (¢, t.,)
for N, ty,t > 1.

The next step is now to show that the contour integral representation
converges to a nice limiting expression as N | oc.

Proposition 3.2.13 Let us define

TI(t, ) = Zim/ ;Mzgiljdx (3.35)
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where &, is the expectation w.r.t. the measure ax® tdx on [0,1] and ~y
is any positive oriented complex loop around the interval [0,1]. Then,

J\lfle My (t,tyw) = TI(t, ty) Ve, to, a.s.. (3.36)

Proof Recall (3.34) and fix 0 < § < 1/2. Due to analyticity, we can
choose the integration contour, 7, to have distance 1 from the segment
[0,1]. For each A € v, the random variables (z; —\)™1, j € N, are i.i.d.
and bounded. Therefore, for a suitable positive constant ¢ > 0,

> N—%+6) <e N’ wyaen.

Ny 1 1
i)(AV}szA &E(Az)
(3.37)

Since for each z € [0,1] and A € 7, | & (z — A\)~!| < 1, a simple chaining
argument allows to deduce from the pointwise estimate (3.37) uniform
control in A. Using the Borel-Cantelli lemma, one can then infer that,
a.s.,

sup
A€y

1 1
Avi, Ex (A )‘ <cN72t  YNeN  (3.38)

T;— A —x

Similar arguments show that, a.s., given M € N, there exists a constant,
¢y, such that

efNJGICEjt e*I]‘t
AvY - &
KT (A—%)
(3.39)

Note that, for each A\ € 7, Avjyzl(xj — A)7!is a convex combination of

sup  sup <cy N72H0, YN e N.

M—-1<t<M A€~y

points of modulus larger or equal than 1/2, contained in a angular sector
with angle non larger than a suitable constant, ¢ < 7. In particular,
‘Avévzl(xj — )\)’1’ > ¢ >0, for all N. From here the assertion of the
proposition follows from Lebesgue’s dominated convergence theorem.

O

It then remains to analyze the complex integrals in the expression for
II(t,ty). This again uses Laplace transforms and is rather standard.
I will omit the details. The result, in any case, is the same we have
obtained from the renewal approach.

This concludes the second proof. In itself this may not look easier
or more instructive, but the added value arises from the fact that many
other results can be obtained in the same way. For details, see the paper
[14].
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3.3 Subordinators

We now come to the last, and maybe most instructive way to prove
Proposition 3.1.6. To do this we give present a slightly different way of
constructing the process X (t). We begin by describing the trajectories
of our process disregarding time. This will be given by discrete time
Markov chain, Yy, k € N, taking values in {1,..., N}. In our case this
is a very trivial process: Y (k) are iid uniform random variables.

Next we construct the clock process Sy (k),

k—1
Sn(k) = ey, (3.40)
=0

where e; are iid exponential r.v.’s with parameter 1. Note that Sy (k)
represents the total time the process spends in order to make k steps.
Then X (7T') is simply constructed as

Xn(t) =Y(Sy' (1)), (3.41)

where the right-continuous inverse of an increasing function, ¢, is defined
as

¢ H(t) = inf {u: ¢(u) > t}. (3.42)

We are now interested in studying the limit of the clock process as first
N and then k go to infinity. More precisely, we are after a result of the
form

liTm n~YSn([0n]) = Va(6), (3.43)
with convergence in the sense of weak convergence for the process (in-
dexed by #) in s suitable topology. We will see that naturally, the limit
will be identified with an «-stable subordinator.

Stable subordinators. Let us recall some standard terminology and
facts. First, a subordinator is just an non-decreasing process. A Lévy-
process is continuous time stochastic process that

(a) has cadlag paths,
(b) has independent and stationary increments.

A Lévy process, V,, is called a-stable, if for any ¢,s € Ry, Vo (t) and
s~1/2V(ts) have the same law. Recall the special case a = 2 which is
Brownian motion.

An non-decreasing a-stable Lévy process is called an a-stable subor-
dinator.
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The importance of a-stable Lévy processes is that they are the natural
candidates for limit of sums of independent random variables.

Due to the assumptions of stationarity and independence of the in-
crements, a Lévy process is fully characterized by the one-dimensional
distribution. In the case of the subordinator, the latter is characterized
by its Laplace transform.

Theorem 3.3.14 For each b € [0,00) and each measure, v, on R, that
satisfies

/min(|z|, Dv(dz) < oo,
the function
$(0) = exp(—1(0)),
where

¥(0) = bo + / (e=0%) — 1) (dx), (3.44)

is the Laplace transform of a Lévy subordinator. Moreover, the Laplace
transform of any Lévy subordinator can be written in this form with
uniquely determined (b,v). The subordinator is stable with index o €
(0,1), if, for some K € Ry,

Ka

I/(dl') = ml’iliadﬂf, (345)

and hence ¥ (0) = K6°.

Since we will more or less see an explicit construction in the sequel, I
will not dwell more on generalities about Lévy process.

In any case, if the random variables 7y (;), @ € N, were all independent,
then Sy (k) would be a sum of independent random variables, and we
could simply invoke classic convergence results for iid random variables.
Since the random variables e;Ty ;) are positive and in the domain of
attraction of an a-stable law, this would give us immediately that (3.43)
would hold with V,, an a-stable subordinator.

Now of course the random variables 7y (;) are not all independent,
since there are only N of them. Thus, a result like (3.43) can only hold
in the limit a N | co. Indeed we will show that

Theorem 3.3.15 Let o < 1. Then
lim n 1/« Jim Sn([6n]) = Val(6), (3.46)

nToo

in distribution in the Skorokhod Ji-topology.
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Proof We will first show that the finite dimensional marginals of n =%/ Sy ([fn])
have the right limits. Let us first consider the set A, v = {Y : Jo<i<i<n :
Y (k) =Y (£)}. We clearly have the estimate

P[A, n] <n?N~! (3.47)
Thus limy1ec Sy ([@n]) has the same distribution as
[n]—1
Sn)= > e (3.48)
i=0

We will now study the convergence of S (nf) as n T oco. In the process we

will construct and study the a-stable subordinator. We shall see that

this is closely linked to extreme value theory and Poisson processes.
Let us start by noting that

nPle;r; > n'/ % — (1 — a)c™?. (3.49)

Now, a standard result from extreme value theory states the following
[16]):

Theorem 3.3.16 Assume that X; are iid random variables that satisfy

TIllTIilo nlP[X; > un(c)] = v(c). (3.50)

where v is an increasing (respectively decreasing) function. Then, the
point process

n—1
Z Ot /mour (X)) (3.51)
1=0

converges in distribution to the Poisson point process, R on Ry xR with
intensity measure dt x dv(x) (respectively —dv if v is decreasing).

Applying this theorem to our case gives us that

Corollary 3.3.17 The point process
n—1
Rn = Z 6(i/n,n*1/“eiri) —R (352)
i=0

converges to the Poisson point process on [0,1) x Ry with intensity mea-
sure dt x T'(1 — a)ac™1=%de.

We will now prove two facts. First, we will show that from the process
R we can construct an a-stable subordinator. Then we will show that
our process S(6n) converges to that process.
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Proposition 3.3.18 Let R be the Poisson process from Theorem 3.3.16
and assume that the measure dv has support on R is such that
J(z Al)dv(z) < co. Then the integral

V(t) = /0 t /0 " R(ds, dr)e (3.53)

exists and is an increasing process with independent increments, i.e. a
Lévy subordinator.

Proof Let us decompose V (t) into two pieces, V= (t) and V'<(t), where

V() = /O t /1 " R(ds, d)z, (3.54)

and

V@) = /O t /O " R(ds, du)r. (3.55)

Notice that the two processes, if they exist, are independent. Moreover,
the intensity measure of the set [0,¢] x [1,00) is finite by hypothesis.
Thus there are only finitely many points of R on this set, hence V= (t)
is a finite sum and thus almost surely finite. On the other hand, V'<(t)
is positive and

EV<(t) = t/1 xdv(x) < 0o (3.56)
0

also by hypothesis. Thus also V'<(t) is almost surely finite and hence
V(t) is almost surely finite and well defined. Since we really should think
of it as the distribution function of the measure [zR(-,dz) = >, x;dy,
on Ry, is is also right-continuous. Since it has independent increments,
it satisfies all hypothesis of a Lévy process. Since it is increasing, it is a
subordinator. Il

For later use we note that it is quite simple to compute the Laplace
transform of this process. In fact, Let V()(t) be the truncated version

V() = /0 t / h R(ds,dz)z. (3.57)

Set M = fg [% dsdv(x). Then
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k
¢ = M* t [ e du(x)
Ee‘kv( () _ Z T M lc— (3.58)
Pt k! M

= e Mexp (t /:O e—”du(x))
— exp (t / ) dy(:c)) |

Again by our assumptions on v, the limit ¢ | 0 exists and yields the
Laplace transform of the Lévy subordinator in the standard form

Ee Y ® = exp (t /OOO (e —1) dz/(:c)> : (3.59)

If for dv(x) we take a measure Kz~ 1~%dz, then it o < 1 the integrability
conditions are satisfied and the resulting process is a stable subordinator
(with zero drift). The measure v is called the Lévy measure. This is all
for the moment we want to know about Lévy subordinators.

Now let us turn to the proof of the fact that our process S converges
to such an object.

Theorem 3.3.19 Let o < 1. Then

lim n=15(6n) = V4 (6), (3.60)
where V,, is the stable subordinator with zero drift and Lévy measure
[(1—a)z=t=%dx. Convergence is in distribution on the Skorokhod space
of cadlag functions equipped with the Jy-topology.

Proof We could prove this in two ways: either compute the Laplace
transform, or as follows. Set, for fixed ¢ > 0,

[n]—1
n~Y*8(0n) = n~ V> Z o, s ent/atiTi (3.61)
i=0
[6n]—1
+n71/a Z ]IeiTigcnl/aeiTi
i=0
= 5.(0) = 52 (0) + S=(9)

Now
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00 ent/ %)z
ESs(0) = Gnlfl/o‘a/ efzdz/ x~ %dx (3.62)
0 1

_ b (clfo‘/l"(a) — nlfl/o‘) ~ Ot

T 1l-a

which tends to zero as ¢ | 0. On the other hand, (I) is a function of the
point process R,:

5> (0) = /0 ' / " Ro(ds, dz)a. (3.63)

This converges for any positive ¢, as n T oo, to fo‘g fcoo R(ds,dx)z, and
finally, as we have seen, also as ¢ | 0. Since in this limit §,f (0) tends to
zero, we have proven the assertion.
The advantage of the prove is that it gives the convergence in a strong
topology, the so-called .Ji-topology. The Ji-topology is the topology
given by the Jy-metric: for f,g € D

dr, (f,9) = f {[|lf 0 A = glloc V[IA = elloc}, (3.64)

where A is the set of strictly increasing functions mapping [0, 7] onto
itself such that both A and its inverse are continuous, and e is the identity
map on [0, 7.

We will need a criterion for tightness of probability measures on D. To
this end we define several moduli of continuity,

wy(0) = sup { min (|f(t) — f(t1)],|f(t2) = f(B)]) st St <o <T,tp —t1 <6},

vf(t,8) = sup {|f(t1) — f(t2)| : tr,t2 € [0, T] N (t = 6,6+ 0) }.
The following result is a restatement of Theorem 12.12.3 of [19] and
Theorem 15.3 of [9].
Theorem 3.3.20 The sequence of probability measures {P,} is tight in
the Ji-topology if

(i) For each positive e there exist ¢ such that

Polf [ flloo > ¢] <e, n > 1. (3.66)
(ii) For each € > 0 and n > 0, there exist a §, 0 < § < T, and an
integer ng such that

and

(3.65)
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(iii)
P,[f :v5(0,0) > n] <e and P,[f : vs(T,0) > n] <e, n > ng.
(3.68)
O

Let us check that these criteria are verified in our case. (i) is already
checked. Condition (iii) amounts to checking that there is no jump at 0
and at 7. In fact, using that all our processes are increasing,

P [v5,(0,6) > n] =P[S.(6) > | (3.69)
<P [§,§ (6) > n/2} +P [5;(5) > n/g}
< 2ESS(8)/n + onP {eﬂi > cnil/o‘}
<25¢7/n+T(1 — a)dc ™.
Clearly, for any n > 0 and e > 0, the right-hand side of (3.69) can be
made smaller than € by an appropriate choice of § and c.
The task to check (ii) is not much harder. We may check this condition

again for §§ and §ﬁ separately. For the former, we need a second
moment estimate (with calculations quite similar to those in (3.62),

ES; (6)? < const. (6¢27 + §2c272) | (3.70)
and then a standard partitioning argument tells us that
Plws: (6) > n/2] <P [Bucrys : S5 ((k +1)8) — 5 (k6) > /2]
< const.Tn ™2 (> +6c*72%). (3.71)
which can be made small for any n and ¢ be making § small enough.
For 570, choose ¢ < 1/2. Then the event {wg- (6) > n/2} can only

occur if two atoms of R, that are bigger than ¢ have distance smaller
than 26. The probability of this to happen is controlled by

Ton2Plesr; > nt/ %> < ToT(1 — a)?c™2. (3.72)

Now take & such that dc=2% is smaller that /T, and then ¢ so small that
the bound in (3.71) is also as small as desired. This proves the theorem.

O

The main advantage of having convergence in the Ji-topology is that
it ensures convergence of the jumps: If the limiting subordinator has a
jump of given size, then the approximants had jumps converging to the
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same size, and it cannot be the case that there were many small jumps
of the approximants that merged together to produce that of the limit.

But the jumps of the clock process Sy are closely linked to the corre-
lation function. Indeed, if This implies in particular that Xy (s) remains
constant on the interval [t,,, t,, +1], if and only if the clock process jumps
over this interval, i.e. if (¢, t,, +1t) is not in the range of Sy. Combining
these observations, we get the following fact:

Lemma 3.3.21 The correlation function Iy satisfies

tli%n ]1[1%11 TN (t, Oty) = P[(1,1 + 6)int range(Vy,) = 0] . (3.73)

Of course, the probability on the right is well-known (see e.g. the
book by Bertoin [8]) and given by the expression that we already know.



4

From the REM to the REM-like trap model

One of the central questions is of course how simple model that exhibit
aging can be derived from the more realistic models. The first step in
this direction is to see how the REM-like trap model can be understood
as a simplification of its namesake, the “real REM”.

4.1 Dynamics of the REM

Recall that the Random Energy model is defined by a assigning to each
vertex of the hypercube, 0 € Sy = {—1,1}" an energy

Hy(0) = —VNX,, (4.1)

where X, 0 € Sy, are iid standard Gaussian random variables. Glauber
dynamics of this model is then a continuous time Markov process on Sy
whose rates, py (o, 0’) are non-vanishing when o and ¢’ differ in at most
one coordinate and that are reversible with respect to the measures
e PHN(?) A popular choice for such rates is the so-called Metropolis
algorithm, where

pn(o,0") = exp (=B[Hn(0") = Hn (o)1),

if 0/ is obtained from o by “flipping” one spin. We are not able to treat
this choice (yet). Instead, we will consider another choice for transition
rates that is sometimes called random time change dynamics (RTCD).

It will be very convenient for us to define this dynamics as follows.
We denote by Yy (k) € Sy, k € N, the simple unbiased random walk
(SRW) on Sy started at some fixed point of Sy, say at {1,...,1}. For

8 > 0 we define the clock-process by
k—1

Sn(k) = eiexp{ — BHy(Yn(i))}, (4.2)

i=0

31
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where {e;,i € N} is a sequence of mean-one i.i.d. exponential random
variables. We denote by ) the o-algebra generated by the SRW random
variables Yn (k), k € N, N € N. The o-algebra generated by the random
variables e;,7 € N will be denoted by £. Then the process

on(t) = Yn(S5' (1)) (4.3)

is a continuous time Markov process on Sy that is reversible with respect
to the measure g, v; its generator is given by

N=Le=PHN() if dist (o, 7) = 1,
Ln(o,7) = —eBHNG)  ifg—1, )

0, otherwise;

here dist (-, -) is the graph distance on the hypercube,
N

dist (o, 7) = % Zzzl lo; — 7l (4.5)

One important point now is that we must choose time-scales when

studying this dynamics. In the trap model we took the limit N T oo

first and then let time go to infinity. We could also have chosen diag-

onal limits (see [14, 3]), but here this will be quite more relevant and
interesting.

4.2 Random walk on the extremes

The first results on the REM were obtained in two papers [5, 6]. The
idea in these papers was as follows. It is well known (see e.g. [13]) that
the equilibrium measure of the REM at temperatures below the critical
temperature is concentrated on a essentially finite set of individual spin
configurations, whose renormalized energies are well approximated by
a Poisson point process with intensity measure e"¥dFE. This means in
particular that the process spends eventually all of its time in these
favored configurations. Thus the dynamics of the process at sufficiently
large times should be described by a process on such a set of states,
called the “top”,

Tg={0€Sy:—Hn(0) > VNun(—E)}, (4.6)
where

x 1In(N1n2) +Indr
V2NIn2 2 V2N In2

I
DO
2
5
(\)
+

un(x) (4.7)
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The natural candidate for this dynamics would then be the REM-like
trap model with N = |Tg|. Why? First, the waiting time in a extremal
state of the REM has mean

721' — Cﬁ,Neﬁ/v2 In2E;
where F; are exponential random variables of mean 1. This means that
the rescaled waiting times

T, = ﬁ/C(ﬁ,N)

are distributed according to the law ax~!=%dz where a = v2In2/3.
To complete the picture, one would need to prove two more things:

(i) The process jumps from one state in Tr to another with uniform
probability.

(ii) The times between consecutive visits of different states in Ty are
asymptotically exponentially distributed.

In [5, 6] these things were proven, using essentially a very elaborate
version of the renewal approach. This was technically very elaborate.
Here we will not go at all into the details, but rather present a new
approach based on the study of the clock process.

4.3 Extremes on the random walk

Following the discussion of subordinators in the REM-like trap model,
we see that there should be way to study aging that is completely or-
thogonal to that of [5, 6]. Instead of studying the process on the extreme
states, we should study the extreme states on the random walk Y ! Once
we adopt this point of view, things fall nicely into place.

Let us begin with a heuristic explanation of what is going on.

We first fix a scale, K (that later should depend on the volume, N
and the inverse temperature temperature, 3). We are interested in the
time the process takes to make a number of steps of order K. Thus, we
consider the trajectory of the random walk Yy of length K.

We are interested in the distribution of the elapsed time along the
trajectory, i.e. the rescaled clock process

[sK]—1
Sn(sK) = Z e;e PHEN()
i=0
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Ageing should be expected when this time is distributed in a very ir-
regular way on the trajectory, notably when after rescaling the clock
converges to a stable subordinator.

Let us now introduce the Gaussian process

Zn (i) = Xyy ) (4.8)
indexed by ¢ € N. Clearly it has the covariance
cov(Zn(i), Zn(j)) = ]IYN(i):YN(j)' (4.9)

Let us first make the naive assumption that the random variables
Zn (i) are an independent family for i = 0,..., K; this were justified if
the random walk was self-avoiding. We will later see that this is not such
a bad assumption if K is not too large. Under this assumption, things
will be quite easy. To simplify matters, take K = 2™, As is well known,
the maximum of K independent standard Gaussian random variables is
of order v2In K, and the point process

K—-1
Y uit (2
1=0

converges (as K T co) to a Poisson point process with intensity e~ *dz.
Thus the time spent in one of the extreme states is of order

e\/ﬁﬁ\/z InK _ eﬁ\/Nn\/Q In2

The question is whether this time is bigger or smaller than the time
spent in the remaining states. This is checked as in the trap model: one
splits the sum into two parts, the terms for which Zy (i) > u,(—FE), and
those which are smaller. Then the mean of the contributions from the
second gives at most

1 un(—E) 2
K—/ e~ /2¢BVNz
V2T )0

{K6N52/2, if u,(—F)> 8vN,

BV Nun(-E) , otherwise

In the second case, which corresponds to

ﬁ>1/%21n259, (4.10)

this contribution vanishes compared to that from the extremes, while in
the other case a law of large numbers holds. Let us assume that n is
proportional to N such that g € (0,1) is fixed.
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Now note finally that

Su N (2N (1)

PVNZN(i ee .

) — eﬁ\/ﬁun(u;I(ZN(i))) — BV Nun(0)

Thus, if (4.10) holds, we should expect that

sK—1 sK—1
o~ OVNu, (0) Z e;ePVNZNG) Z eie%ﬂil(zzv(i» ~ Val(s),
i=0 =0

where a = o/, and V,, an a-stable subordinator.

We see that then only assumption that is not justified in the above
discussion is the independence of the process Zy ().

To do this, we need some properties of the simple random walk on the
hypercube.

4.3.1 Random walk on the hypercube

We want to show that the simple unbiased random walk on Sy started
in some point ¢ behaves as follows:

(i) The first step takes the walk to a distance 1 from the starting point.

(ii) With probability of order 1 — 1/N, the walk then reaches a distance
N/2 before it returns to the starting point. This takes at least time
N/2.

(iii) From distance N/2, the probability that the walk reaches the starting
point before returning to distance N/2 is 2=V, Thus, the probability
that the walk returns to the origin before L unsuccessful trials (returns
to distance N/2), is smaller than L2~V

(iv) After time K N?In N, the walk is exponentially close to equilibrium,
i.e. for any 0,0’ € Sy

Bo[Yi(k) = o' UYN(k+1) =0l | _ysw

5 (4.11)

Statements (i) is trivial. Statement (ii) follows form Lemma 8.3 in [12].
Statement (iii) follows from Lemma 8.4 of [12] and reversibility (see also
the proof of that lemma). Statement (iv) is well know and a proof can
be found in [1].

Thus, as long as the T' < o(1) x 2%V, then the probability that the walk
returns ever to a point it has once visited is of order 1/N + o(1).

Let us fix this observation:
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Proposition 4.3.22 Let L < 2%V with a < 1. Let Y be the SRW on
Sn, and let

RN(L)E{O'ESNZﬂkSL:YN(/{):O‘} (4.12)

denote the range of the random walk of length L. Then
i [L(1 — N7Y2) < |Rn(L)| < L} >1—cN~V2, (4.13)

Proof We use the facts stated above. We simplify in the sequel Yy (k) =

Y:. We will characterize the range as follows as a union of disjoint points:
L

Ry(L)y= |J {w®)} (4.14)

k=0
Yp#Yy VL>>k

i.e. we collect each last visit of a point o.

Clearly the cardinality of the range is greater or equal to the number
of steps in the walk for which the walk never returns to that point. But
the mean number of steps where the walk does return is bounded by

L
> PEk<(<L:Y;=Yy <LL/N (4.15)
k=0
Hence by Chebeychev’s inequality,
1
Pl|lRn| < L(1—¢)] < Ne (4.16)
Hence the claimed result follows by chosing e = N/2. ]

Remark 4.3.1 The estimate on the probability in (4.12) can be im-
proved to allow to show that the event considered holds with probabil-
ity one for all but finitely many N. To do this we have to use a second
moment estimate and some de-correlation of the variables Wy, 2y, vesi}
and Mgy, 2y, vesmy, if m —k > N2, say. This follows easily from the
fact that the random walk reaches equilibrium on a time scale of order
NlIn N. Ileave the details to the reader.

4.3.2 The subordinator on the SRW trajectory

We have now enough information on the SRW trajectories to conclude
that the self-intersections do not change the extremal properties of the
process.

In fact, the argument is simple: We have to show that with probability
tending to one, an iid process on the missing N ~'/2L sites will not reach
the level of the maximum over L sites: Clearly,
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—1/2
P Lgl_af( X; > up(E)| < N“Y2LP[X; > up(E)] = N~/2eE | 0,
(4.17)
for any E. Thus, we can ignore the exceptional sites, as they do not
contribute to the sum for any value of the truncation parameter E.
This allows us to deduce the following main theorem.

Theorem 4.3.23 Let a < 1 be fixed. Then,
e PVNuan(0) gy (520N) 1, (s), (4.18)

in distribution (i.e. the law of the process defined on the Skorokhod space
equipped with the Ji-topology converges), for almost all realizations on

the SRWY. Here o = V2aln2/j.

As a consequence, one can prove the same convergence result for the
correlation functions as in the REM-like trap model.

Remark 4.3.2 One should note a difference in the nature of the results
in this last subsection compared to those of [5, 6] mentioned before. At
the time scales considered in these papers, it was shown in considerable
detail that the dynamics of the REM is asymptotically given by that of
the REM-like trap model in the sense that there is a set of configurations,
the “top” where the process spends almost all of its time and between
which it jumps, on the suitable timescale, very much like the REM-like
model.

Here, at shorter time scales, there is no particular set of configurations
between which the process moves like the REM like model. Rather,
every SRW trajectory will visit essentially disjoint sets of points, and
in particular will therefore spend their time on different configurations.
However, the statistics of the extreme states encountered along each
trajectory will be essentially the same along each trajectory and will
be given by our ubiquitous Poisson process. Thus the clock along each
trajectory converges to the same subordinator, and finally the correlation
functions will show the same ageing behavior.
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Aging in mean field spin glasses

In the previous chapter we have seen that ageing could be proven quite
easily in the Random Energy Model (for our random time-change dy-
namics) through the convergence of the clock process.

This showed that one of the assumptions of the trap model, the heavy
tail property of the distribution of the local waiting times can be de-
rived from a more standard basic model. Still, we used the unnatural
assumption that these waiting times are independent random variables.
Interestingly, this result could be proven on any time scale smaller than
the equilibrium scale.

In this chapter we show that, at the expense to be reduced to shorter
times, we can carry this result to correlated models, the p-spin SK mod-
els with p > 3.

5.1 The models

The dynamics of the model we study will be defined exactly as in the
previous section. All what changes is that we replace the iid random
variables X, by a correlated Gaussian process on the N-dimensional
hypercube, Sy = {—1,1}". To define its covariance structure, let
Ry : Sy x Sy — [—1,1] denotes as usual the normalized overlap,
Ry(o,7) = N1 Zf;l 0;7;. The Hamiltonian of the p-spin SK-model,
Hy : Sy — R, is defined as the centered normal process indexed by Sy
with covariance

E[Hn(0)Hy(7)] = Ry (0, 7)?, (5.1)

where p € N, p > 2. We will denote by X the o-algebra generated by
the random variables Hy (0),0 € Sy, N € N. The corresponding Gibbs
measure is then given by

38
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ug.n(o) = Zg,}veﬁmHN(a), (5.2)

where Z3 n denotes the normalizing partition function.

5.2 Convergence of the clock process
The strategy to analyze this model is essentially the same that we em-
ployed in the REM. The key result is the following theorem, proven in
[1], that establishes convergence of the clock to the stable subordinator.
We denote again by V,,(t) the a-stable subordinator with the Laplace
transform given by

E[e  V=®)] = exp(—tA®). (5.3)

Theorem 5.2.24 For 0 < o <1, set 3, = (/\/0 and v = 3/20In2 =
BoBco. Then there exist a constant K > 0 and a function o(p) > 0, such

that for all p > 3, if
Bo > V2In2 (5.4)

and
0 < 0p, (5.5)

then, under the conditional distribution P[-|Y] the law of the stochastic
process

Sn(t) = e VN NPe/2Be Gy (120N | (5.6)

defined on the the space of cadlag functions equipped with the Skorokhod
M; -topology, converges, Y-a.s., to the law of the a, = V21In2/3,-stable
subordinator Vo, ,(Kt),t > 0.

Moreover, the function o(p) is increasing and it satisfies

03 ~ 0.763941 and lim o, =1, (5.7)

ploo

Note the difference in the topology compared to the previous chapter.
The (not so commonly used) M;-topology is given, as is the J; topology,
by a metric. to define this, let, for f € D, I's be its completed graph,

Iy={(zt) eRx[0,T]: z=af(t-)+(1—a)f(t),ac[0,1]}. (5.8)

A parametric representation of the completed graph I'y (or of f) is a
continuous bijective mapping ¢(s) = (¢1(s), $2(s)), [0,1] — I'; whose
first coordinate ¢, is increasing. If TI(f) is set of all parametric repre-
sentation of f, then the M;-metric is defined by
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dar, (f, 9) = inf{|g1 — Vrlloc V (|2 — Y2loc : ¢ € IL(f), v € II(g)}.
(5.9)
The space D equipped with both M; is Polish.
To prove tightness in this space, one has a theorem completely anal-
ogous to Theorem 3.3.20. The only difference is that the modulus of
continuity, wy(J), used there is replaced by

w’s(8) = sup { inf1 |f(O)—(af (t)+(1—a) f(t2))] s t1 <t < to < T ta—t; < 6}

a€l0,1]
(5.10)
One notices that this criterion no longer forbids accumulations of jumps
large jumps at a single point. Note that this topology is too weak to al-
low one to deduce convergence of the correlations functions immediately
from the convergence of the clock.
Let us make some remarks about the result and the proofs. The
principle idea is again to study, for a given random walk trajectory
Yn (k), the one-dimensional random process

XON k) = Hy (YN (K)). (5.11)

This process is correlated for two reasons: the process Hy is correlated
itself, and the random walk samples this process in a complicated way.
In fact, the covariance of X is given by

A% =EXO &)X (m) = Ry (Y (k), Yn(m))P. (5.12)

The question is how to deal with such a process. From what we already
know about the SRW, we may expect that for (m — k) = o(N),

Ry (Yn (), Yn (m))? ~ (1 - QmT_k) ~1— W_

(5.13)
This clearly is a strong correlation that cannot be neglected. On the
other hand, after some time of order NIn /N, the process will never
very rarely come close again to the starting point (through the same
arguments that we have already seen in the REM), and so the long
range correlations should be negligible. However, we will need some
more sophisticated ideas in order to turn these arguments into proofs.

The situation is familiar from the theory of extremes of continuous
time random processes. The methods used there are comparison be-
tween the true random process and a comparison process that is locally
analyzable and globally uncorrelated.

To make use of these ideas it will be convenient, this time, to work
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with the Laplace transforms of the finite dimensional marginals. We
define, for any Gaussian process X indexed by the positive integers, for
t; € Ry, u; € Ry, the function Fy(X) = Fy(X;{t:}, {u;}) as

Y4 trr(N)
Fn (X3 {t:}, {u}) EE[exp(—Z;—f\[ Z eieﬁ\/ﬁx(i))‘X}(X)
k=1 i=tp_1r(N)+1

tpr(N)—1

:eXp(—i Z g(;y—ljveﬁ\/ﬁX(i))). (5.14)

k=1i=t,_17(N)
where
g(x) =In(1 + z). (5.15)

Naturally, we want to compute this quantity for X = X ](\?). While this
is not immediately doable, we introduce an auxiliary Gaussian process,
X](\}), whose covariance is given by

A}j _ E[X}V(’L)X}V(j)] _ {1 —2pli — j|/N, if LZ/VJ' = lj/v]
0, otherwise,

(5.16)
where v = N“, with w < 1. Now for the latter process this computation
is doable: Note two things: for given sets of number ¢;, no two of the
points t;7(N) and ¢;417(N) will ever fall in the same block of size v.
Hence, the expectation of this quantity will (essentially) factor over the

intervals where the u; take a given value. Moreover,

tpr(N)—1 " .
E exp ( - tZ(N)g(m_NeﬁﬁxN (z))) (5.17)
i=tp_1T

[(ter(N)—1)/v]
= JI Fnu
J=lte—1m(N)/v]
= exp (=(tr — te—1)r(N) /v In (Fn (ur)))

where
b u o
Fn(u) =Eexp Z g(ev—Neﬁ\/NXN (Z)) . (5.18)
i=0

Thus we are left with two tasks:

(i) Compute Fn(u), and
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(ii) show that the difference between the Laplace transforms of corre-
sponding to the two processes X% and X% vanishes in the limit
N T oc.

5.2.1 Laplace transforms of X!

I will give a brief outline of the computation of Fy(u). The actual
proofs are quite tedious and can be found in [1]. The central result it
the following proposition.

Proposition 5.2.25 For all v such that v/3* € (0,1) there eists a
constant, K = K (v, B,w,p), such that, uniformly for u in compact sub-
sets of [0, 00),

lim N2y~ 1eNY"/20% (1 = Fy(u)] = K7 (5.19)

N—o0

Proof [Outline] In the following we set for simplicity U; = X (i).
Note that the function g(x) defined in (5.15) is monotone increasing
and non-negative for x € Ry. The next step is the computation of
the expectation w.r.t. the Gaussian process U;. This is doable due to
the fact (see e.g. [18]) that the random variables U; can be expressed
using a sequence of i.i.d. standard normal variables, Z;, as follows. Set
Zy = (U +U,)/(4—4p(v —1)/N)/? and Z;, = (U — Uy_1)/(4p/N)'/2,

k=2,...,v. Then Z; are i.i.d. standard normal and
XnG@)=T1Zy 4+ +13Z; —Tiy1Ziy1 — T 2, (5.20)
where
I = 1—%(1/—1) and rgz---zruz,/%. (5.21)

Observe that >, I'? = 1. Let us define G;(z) = G;(z1,...,2,) as
GZ(Z) =Tz 4+ -+ iz —Uig12zigr — - — Loz (522)

Using this notation we get

v

1-Fn(u) = / (Q:ﬁe; - Zf{l—exp {,Zg (ue—yNeﬁ\/Nci(z)) }}
RY

i=1
(5.23)
We divide the domain of integration into several parts according to which
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of the G;(z) is maximal. Define Dy, = {2z : Gi(2) > G;(2)Vi # k}. On
D). we use the substitution

zi = by + Ty(yN —logu)/(BVN),  ifi <k, (5.24)
zi = b; — Ty(yN —logu)/(BVN),  ifi> k. (5.25)
It will be useful to define Z?:iﬂ a; as Z?Zl a; — 22:1 a;, which is
meaningful also for k£ < i+ 1. Using this definition we can write
k
Gi(b) = Gi(b) =2 > T,b;. (5.26)
j=it+1

Set 0 = —log(u)/(vN) and define

Z by + P E VP i+ 0) >ov17é/<;} (5.27)

Jj=i+1

After a straightforward computation we find that (5.23) equals

— 1 ‘2
N~2 /232 W/B Z// u/2 —3 27 bi g — 3V NG (b)(1+6) (5.28)

><{1 _ eXp( Zg( BVNGL(b)=28\P YN 11 b *2p7|k*i\(1+9)) )}

To finish the proof we have to show that u/ B s asymptotically the
only dependence of (5.28) on u (or on #) and that the sum is of order
vN—1/2. We skip the details. O

5.2.2 Comparison arguments

We now come to the main task, the comparison of ours sums with those
in which the real Gaussian process is replaced by a simplified process.
This follows the standard interpolation scheme due to Slepian (see [17]).

For h € [0, 1] we define the interpolating process X% (i) = /1 — hX % (i)+
VX (i)

The following approximation is the crucial step of the proof.

Proposition 5.2.26 If the assumptions of Theorem 5.2.24 are satisfied,

then for all sequences {t;} and {u;},

A}i_IgoE[FN (XR; {ta}, {wi}) | V] —E[Fn (X§; {t:}, {ui})] =0, V-a.s.
(5.29)
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Proof [Outline] The key to the proof is the well-known interpolation
formula for functionals of two Gaussian processes due to Slepian and
Kahane (see e.g. [17]

tr(N)

E[Fn(Xk)— Fn (X)) = / dhuzl [ﬁﬂ\y}
i#£]

(5.30)
We will show that the right-hand side in (5.30) converges to 0.
Let k(i) be defined by t4,;)—17(N) < i < tyyr(N). The second deriva-
tive in (5.30) is equal to
Uk () Uk ﬂ N by ho(;
% BYN(XR (i) +X 3 (5)) (5.31)

xg (Zk(z) B\/_XN(z)g (uk(J) m/‘xN(J)) N (X0

< WOWGOON s R xt@+xt )
- e2vN

Xexp{ 29(%(1) B\FXN(z)) g(e'y(N) E\FXN(]))}

where we used that ¢'(x) = (1 + 2)~! = exp(—g(x)). To estimate the
expected value of this expression we need the following technical lemma
whose proof can be found in [1].

Lemma 5.2.27 Let ¢ € [—1,1] and let Uy, U be two standard normal
variables with the covariance E[U1Us] = ¢ and A a small constant, 0 <
A < 1—~/B% (which will stay fized). Define Zn(c) = ZEn(c, 3,7, u,v)
and Zn(c) = En(c, 8,7, u, v, \) by

_ wvB?N

XE[QXP {5\/N(U1 +Us) — 2g(ueﬁmU1_7N) _ Qg(veﬁ\/ﬁUz—vN)H

C\/Nexp{—%}, ifc=1,
En(0)=qc - e { - A5} 1>e> (/8 +A-1,
CNexp{N(B*(14+¢c)—27)}, ifc<(v/B)+A—1,
(5.33)

where C(, B,u, v, A) is a suitably chosen constant independent of N and
c. Then

[I]\

En(c) < En(o). (5.34)



5.2 Convergence of the clock process 45

Next we need to use properties of the random walk on the hypercube
to control the sums. The key estimates, that are again proven in [1], are
collected in the following proposition.

Let ||d|| = min(d, N —d) and D;; = dist (Yn (i), Yn(j)). Define, with a
slight abuse of notation, AY = (1—2dN~!)P. That is AY is the covariance
of X% (i) and X% (j) if D;; = d.

Proposition 5.2.28 Let~ and (8 satisfy the hypothesis of Theorem 5.2.24,
and let v be as before. Then, for anyn > 0, there exists a constant, C' =
C(B,v,v,1n), such that, Y-a.s. for N large enough, for alld € {0,...,N}

tr(N)

Z Lip,=ay < C[t2T(N)22N <]c\l]> + tr(N)vtelldll |

7,7=1
WV#LJ/VJ
(5.35)

Moreover, there is a small constant € such that, Y-a.s. for N large
enough,

tr(N) B b -
Z 1o, _ap(AO—AL) < CdV 1)wtr(N)N=2, ifd <eNv!,
ey 7T ot (NN ifv>d>eNvt.

Lijv)=Li/v)
(5.36)

We now conclude the proof of Proposition 5.2.26, that is we prove
that the right-hand side of (5.30) tends to 0. Observe first that D;; is
smaller than |i — j|. Hence, for [i/v]| = |j/v]

Ay = [1=2N"'Dy]" > [1 = 2N""[i — j[|? > Ajj. (5.37)

Since Aj; = 0 for (4,j) with [i/v] # [j/v], AY; — Aj; < 0 if and only if
A, <0. The summands on the right-hand s1de of (5 30) can be written
as d1fferences of two non-negative terms:

02 FN Xh 32FN Xh
0 AL —— N/ —
We bound this expression using Lemma 5.2.27. For given {uz} let
=n(c) = max{Zn(c, 8,7, ui,uy) : 1 < i, < £}. (5.39)

Then Zp (c) satisfies (5.33) for some new constant C' and it is therefore
increasing in ¢, at least if IV large enough. The absolute value of the
right-hand side of (5.30) is then bounded from above by
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1 tr(N)

L / Z [%‘YN} (5.40)

92 Fx (X1)
O (AY)- E{GX( NOX (j )}

[1]:

(hAY)dh

N tr(N) 1
< { > 1p,—a (A4 /O
0

ij=1
li/v]#3/v]

tr(N)

+ Z 1(p,—a} (AG — AL)E(AS)

i,5=1,i#j
Li/v]=Li/v]

tr(N)

i,J:[i—j|>N/2
From the definition of = it follows that, for ¢ > 0,
1 2 1
= "N —1/2
=(he dtheXp{—i}/ 1— he dh. 5.41)
| &) ) | e (

The last integral can be easily evaluated and is smaller than 2 for all
€ [-1,1]. Using Proposition 5.2.28, the first line of (5.40) is smaller
than the sum of the following two terms:

C;th(N)QQ’N (JZ) (Ag)+exp{ - 62&7%} (5.42)

and
N
tr(N 6nlldl\
oy M
d=0

The second line of (5.40) is bounded by

VN
(AQ)+ eXp{ - BOTAD } (5.43)

eN/v

d=eN/v

tr(N)v3
N

Z(AY). (5.44)

The third line is non-zero only if p is odd, and in that case it is bounded
by
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47
al N 2d p
2 29-N —Lnldll| (22 _ =
3 C’[t r(N)22 <d>+tr(N)1/ e ](N 1) 2(0), (5.45)
d=N/2
We estimate (5.42) first. Let I(u) be defined by

I(u) = ulogu + (1 — u)log(l — u) + log 2,
and let

(5.46)
N mN
_ 9N [T NI(u)
In(u) =2 <|_NUJ) 5 € . (5.47)
Stirling’s formula yields Jy (u) Moo, (Au(l —w))~

I yniformly in u on
compact subsets of (0,1). Further, Jy(u) < CN? for all u € [0,1].
From the definitions of 7(N) and Z, we find that

al 2
(5.42) = CZt2N1/2(1 -
d=0

) e (8T () v ().
(5.48)
where
2 2
Ty o) = 25 = 1) L

— . 5.49

PO 20p) 49
Lemma 5.2.29 There exists a function ((p) such that for all p > 2,
and v, B satisfying v < ((p)B and v < 32, there exist positive constants
0, ¢ and c such that

prﬁ:v(u) <6

for allu e [0,1]\ (1/2—4",1/2+¢"),
and

(5.50)
Yp5(u) < —clu—1/2)2 forallue (1/2—¢,1/24¢").  (5.51)
Moreover ((p) is increasing and satisfies
C2) =277

¢(3) ~ 1.0291,

and

lim ((p) = \/2log2.
p—0o0
Proof The function Y, 5 - satisfies T} 5.~

(5.52)
(1/2) = T/ 5 (1/2) = 0 and
- {1 0 =2

(5.53)
otherwise.
The second derivative is always negative for 3, ~, p satisfying the as-
sumptions of Theorem 5.2.24. Therefore (5.51) holds.
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Fig. 5.1. Function Y, , g for p = 2, 3, 4 and various values of v/f.

For any ¢’ > 0 and |u — 1/2| > ¢, the function I(u) is strictly positive
and the function ®(u) =1 —1/(1+ |1 — 2u|?) is bounded. Therefore, if
v/p is sufficiently small, then Y, 5 ,(u) < —0. This proves (5.50).

The function Y3 g (u) is increasing in v2/4% and I(u) > (1 — 2u)?/2.
Thus, for all v < 271/24,

1 1 1

T —(1—7)——1—2 2, 5.54

275ﬂ’(u) < 2 1 4 (1 o 2u)2 2( u) ( )
The right-hand side of the last inequality is equal 0 for u = 1/2 and its
derivative

-
(14 (1= 2u)?)?

which implies (5.50) is true for all v < 2723 and the first part of (5.52)
holds.

Obviously, ®(0) = 1/2, ®'(0) = —2p, I(0) = log2 and I'(0) = —o0.
Hence, for v/3 = v/log 2 there exists u small such that Y, g~ (u) is posi-
tive. This implies ((p) < /2log2. If u € (0,1/2) then lim, o ®(u) = 0.
This yield the third claim of (5.52). The value of ((3) was obtained nu-
merically.

2(1 — 2u)<1 - ) >0 forallu<1/2, (5.55)

For illustration you find the graphs of function Y, g for p = 2,3,4,
B =1, and v = 0 (solid lines), v = y/1/2 (dashed lines), v = 1 (dash-
dotted lines) and v = /2log 2 (dotted lines) on Figure 5.1. O

We can now finish the bound on (5.42). Lemma 5.2.29 and the bounds



5.2 Convergence of the clock process 49

on the function Jy yield that for d/N ¢ (1/2—6',1/2+¢’) the summands
decrease exponentially in N. Therefore they can be neglected. The
remaining part can be bounded by

(1/248" )N

2d\r
2a71/2 == _ _ 2
c Y N (1 N)+exp( eN(d/N —1/2)?) (5.56)
d=(1/2—6")N
6,
< Ct2N3/2/ |x|pe_C/NC”2dx
—
< Ct2N3/2N*<P+1>/2/ uPe=¢" du X222, 0, (5.57)
if p> 3.
Similarly, for (5.43) we have
N/2 2\ P
(5.43) < C > N2 (1 - —) exp(NT(d/N)), (5.58)
d=0 N +
where, setting ||u|| = min(u, 1 — u),

2 ,72

Y -7 _
Tron) =55~ BT IT—2up)

+ ||l (5.59)

It is easy to check that it is possible to choose small positive §, 6’ and 7
such that the first part of the definition of T (u) < —4 for all |lul| > ¢
Therefore all such d can be neglected. Around d = 0 the function Y(z)
can be approximated by a linear function —cz, ¢ > 0, and the summation
by an integration. As an upper bound we get

5/
CtNg/szl/ e~ Ntdqy < CtNY2p—1 Nzee g, (5.60)
0

An analogous bound works for d close to N and p even.
For (5.44) we have

an < Qv z = (- 3] e

The first term converges to zero. The linear approximation of T and of
the bracket in the second term yields an upper bound

€
CtNl/Qu/ 21 2e=Neqy < ctN—1y X2 . (5.62)
0
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The third term is smaller than ve=¢"/* which is also negligible.
Finally, since Z(0) = C’e’N’YQ/ﬂz, it is easy to see that the second half

of (5.45) tends to 0. The first half is equal (up to a constant)

ZN: (5 - 1) enzy (]D (5.63)

d=N/2

2 ~(N 2 N+i NP1 2N
gCt{ SN2 (d)+Z(N 1)N ¢ }

d>N/2+N3/5

where we used the known approximation of () < CN~—1/29N=i*/2N
for d = (N 41i)/2 and i < N?/3. The first term in (5.63) tends to 0
by a standard moderate deviation argument. The second one can be
approximated by

Ct2N1*<P/2>/ aPe= 25y N2 (5.64)
0

for p > 3. This completes the proof of Proposition 5.2.26. Ol
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